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TRIGONOMETRY 2

.............................

A compound angle is an angle which is written as the sum or difference of two or more angles.

For example, (A + B), (A - B) and (A - B - C) are compound angles.

A multiple angle is an angle which is written as a multiple of a single angle.

For example, 24, 2B, 36 are multiple angles.
A sub-multiple angle is an angle which is written as a fraction of a single angle.

A B @ .
For example, 7'2°3 are sub-multiple angles.

We shall now derive formulas for trigonometric functions of these angles.
In deriving these formulas we make use of the following identities for all A € R.

1. cos?A+sin*A=1 2. cos(-A) =cos A 3. sin(-A)=-sin A
in A
A s 5. cos(§—A)=sin A 6. sin(% —A)=cos A
cos A

s~ | A R,

| Given cos(A — B) = cos A cos B + sin A sin B, prove each of the following:

1. cos(A+B)=cosA cos B —sin A sin B 2. cos2A=cos? A -sin*A
3. sin(A+B)=sinAcosB+cosAsmB 4. sin(A—B)=sin A cos B-cos A sin B
*: A A
5 5. sin2A=2sinA cos A 6. sinA=2sinEcosE
;.
i tan A +tan B tanA —tan B
| 7. tan(A+B)=————— SN AL Py e e
g Ah ) 1-tanAtan B Biranc B 1+tan A tan B
A 2tan A 2 tan 36

it = . tan60=————

e 1-tan*A 10 aniog 1-tan® 36
. cos?A=43(1+cos24) 12. sin? A =%(1-cos 24)
1-tan%A : 2tan A
i W s A




e

Solution:

We derive each of these formulas based on the formula:
cos(A — B) =cos A cos B +sin A sin B.

We then use each new formula to derive another formula.

, 1. Prove: cos(A + B) = cos A cos B—sin A sin B
Given: cos(A - B) =cos A cos B +sin A sin B
Proof: Replace B with (-B) on both sides.

cos[A — (-B)] = cos A cos(~B) +sin A sin(—B)
| ; cos(A + B) =cos A cos B+ sin A(-sin B)
: 41EeR cos(A + B) = cos A cos B — sin A sin B

| 8D 2. Prove: cos 2A = cos2 A —sin” A
| 18 Given: cos(A + B)=cos A cos B - sin A sin B
; Proof: Replace B with A on both sides.

i .‘ cos(A + A) =cos A cos A+sinAsinA
cos 2A = cos? A - sin* A

3, Prove: <in(A + B) = sin A cos B +¢08 Asin B
Given: cos(A — B) = cos A cos B +sin A sin B |
Proof: Replace A with (5 - A) on both sides.

cos[(3-4) - B] = cos(3 —A)cos B +sin(3 —A)sin B
cos[3-(4 +B)=smnA cos B +cos AsinB
sin(A + B) —sin AcosB+cosA sin B

4, Prove: sin(A — B) = sin A cos B-cosAsinB
Given: sin(A + B) = sin A cos B +cos A sin B
Proof: Replace B with (~B) on both sides.

sin[A + (-B)]1 = sin A cos(—B) + cos A sin(-B)
sin(A — B) = sin A cos B + cos A(=sin B)
sin(A — B) —sin A cos B—cosA sin B

5. Prove: sin24=2sinAcosA
i Given: sin(A + B) = sin A cos B + €08 AsinB
L Proof: Replace B with A on both sides.

| sin(A+A)=sinAcosA+cosAsinA
' sin2A=25inAcosA




6. Prove:

Given:

Proof:

7. Prove:

Given:

Proof:

8. Prove:

Given:

Proof:

A A
in A =2 sin — cos —
Sin sm20052

sin2A =2sinA cos A

A
Replace A with ) on both sides.

o) -2 sef 5ol

A A
in A =2 sin —cos —
sin sm20032

tan A +tan B
tan(A +B)=———————
M) e s
sin A
tanA:cosA
Replace A with (A + B) on both sides.
sin(A + B)
tan(A +B)=———
A8 cos(A +B)
sin A cos B+ cos A sin B
t —
a8 cos A cosB—-cosAsinB
sinAcosB+cosAsinB
cosAcosB cosAcosB
tan(A-l-B)zcosAcosB sin A sin B
cosAcosB cosAcosB
sinA+sinB
cosA cosB
tan(A +B) =
WAt e e
cosA cosB
tan A +tan B
e T
tan A —tan B
tanfA -B) = ————
A ) 1+tan A tan B
tan A +tan B
A s
B L8 e
Replace B with (—B) on both sides.
tan A + tan(-B)
tan(A +(-B)) =
WA B e AenED)
tan A —tan B
SRy L
gl =% 1+tanAtan B

&

Divide top and bottom
by cos A cos B

|




T A A Tl A

2tan A
9, Prove: thA:T:%;%TE
tan A +tan B
iven: tan(A+B)=——": - 7n
Given (A+B) e A B
Rk Proof: Replace B with A on both sides
. tan A +tan A
‘ tan(A +A)=———77- 7
an(A+A) =70 A tan A
| I tan 2A = ,,4_2_ta4.1_1—4——
1-tan’A
2 tan 34
10. P s tan 60=—""—"7572
i rove R
i : 2tan A
| $iE : tan 2A=———5—+
1 Given 2A A
B Proof: Replace A with 36 on both sides
4 2 tan 30
t tan 2(30)=——5 3,
i an 239) = 3 G360
B BT 2 tan 36
P ian=30
11. Prove: cos? A =3(1 +cos 24)
Given: cos 2A =cos? A - sin? A
1 46 Proof: cos 24 =cos2 A —(1- cos® A)
e cos 24 = cos® A - 1+cos®A
\ cos 2A=2cos*A-1
2 cos?A=1+cos2A
! cos? A =3(1 +cos 24)
' ‘12. Prove: sin? A = 3(1 — cos 24)
Given: cos 2A = cos? A - sin® A
Proof: cos 2A = (1 - sin? A)- sin? A
e [ = T sin? A
SotoA B EO N EA
2 gin*A=1-cos2A

gin? A = (1 — cos 24)




1-tan’A
1+tan’A
sin® A

13. Prove: cos 24 =

o 1-tan®A . T cos?A
1+tan”A 3 sin® A
cos? A
_cos’A- sin® A
T cos?A+sin®A
(multiplying top and bottom by cos> A)
cos 2A

1
=cos 24

14. Prove: sin 24 = ———2 4
1+tan?A
sin A
Prook: 2tan A i cos A
z 1+tan’A i sin? A
cost A
2 sin A cos A
T cos?A +sin’A
(multiplying top and bottom by cos® A)
sin 24
i
=sin 24

Prove that sin 34 =3 sin A — 4 sin’ A.

Solution:
Proof: sin 3A
=gin(24 +A)
= sin 2A cos A + cos 24 sin A

= (2 sin A cos A)cos A + (cos? A — sin® A)sin A
-2 sinAcos?A+sinA cos? A-sin® A
~3sinAcos?A-sin®A

=13 sin A(1 ¥ sin? A) —sin® A
=3sinA—SSin3A—sin3A
—3sinA—4sin®A




...........................

Example <

| Express (i) sin 15° and (i) tan 105° in surd form.
& , Solution:
10 First express each angle as a combination of 30°, 45° or 60°.
i Then use the compound angle formulas on page 9 of the tables.
: )  sin15° (ii)  tan 105°
e =S92 307 — tan(60° + 45°)
= sin 4?’_005 30° — cos 45° sin 30° _ tan 60° + tan 45°
Salerngl ol =1 tan 60° tan 45°
B2 22 V3+1
| s BEE
i N2 22 2\2 3l
l 148

Example w
Iftan(A+B)=3andtanB=2,ﬂndtheva1ue of tan A.
Solution:
tan A +tan B
tan(A =
an(d 52 i—tanAtanB
bl [given tan(A + B) = 3, tan B =2]
"1 (AR e )i
A tan A +2
~1-2tanA
3_6tanA=tanA+2 [multiply both sidesby(l—-?.tanA)]
~JtanA=-1
TtanA=1 *
1
tanA=—
i 7
i Alternatively,
t i mA=tan[(A+B)—B]=M*=~3—%—=1
' ] i 1 +tan(A + B)(tan B) 1+03)2) 7

@




i R
. 7 4 :
Ifsm2A=E, 0<A< 5 find tan A, sin A, and cos A.
Solution:
. 2tan A
i ey 1 A=
72 tan A e 1
25 1+tanA 50
(let = tan A)
7 % 2t and
75 137
T4 =50t
T2~ 50t+7=0 2
(7t-D(t-7)=0 7
7t-1=0 or t-7=0 2 taiae
1 7
Fg t=17 sin A = =
1 " 1 V50
tanA=7 or tan A =7 aiid s
V50
A
1
| Exercise 8.1 v
. 12 4
1. A and B are acute angles such that sin A = o and cos B = 3
Without the use of tables or calculator, find the value of:
(i) cosA (ii) tan A (iii) sinB (iv) tanB
(v) sin(A +B) (vi) cos(A+B) (vii) tan(A + B) (viii) sin 24
20
2. (1) Iftané@ =57 0<8< % without using tables or calculator find the value of:
(a) sin 28 (b) cos 28 (c) tan 28. _
1
(ii) If cos x= = find the value of cos 2x without using tables or a calculator.
- Express each of the following in surd form:
3. cos 75° 4. sin 105° 5. tan75° 6. cos15°
5
7. sin 165° 8. cot15° -9, secl5° 10. cosec %
11. cos 25° cos 20° — sin 25° sin 20° 12. sin 70° cos 10° -~ cos 70° sin 10°




= h e
tan 80° —tan 20°
" 1+ tan 80° tan 20°
; 14. A and B are acute angles such that tan A = 4 and tan(4 + B) = 5. Find tan B.
15. A and B are acute angles such that tan B = } and tan(A - B) = 2 Find (i) tan A (i) sin 2A.
: 16. A and B are acute angles such that tan A =2 and tan B = ;. Find (4 + B).
; 17. tanA=1, 180° <A <360°, tan B=-},-90°<R <90° Find (A - B).
‘. Verify each of the following:
r 1 18. sin(90° - A) =cos A 19. cos(90° + A) = —sin A 20. cos(180°—A)=—cos A
! ' 1+tan A ,
' 21. sin(180° - A) =sin A 2 tandse + A=A 23, sinlZ +a)-sin T _al=0
1-tan A 2 2
24. If cos 2A = 35, find the two values of cos A without using tables or calculator.
25. Tf cos 24 = 12, find the two possible values of tan A.
R 26. A, B, C and D are acute angles such that tanA=} tanB=4 tan C=7andtan D= i
i Evaluate  (a) tan(A+B)  (b) tan(C+D).
L Hence, or otherwise, find the value of tan(A + B+ C + D).
g Prove that A + B + C + D =45°.
‘ } Prove each of the following:
27. 2 cos?A-cos24-1=0 28. sin(A + B)sin(A - B) = cos?B+sin*A-1
sin 24 1-cos 24 :
B 29. =tan A 30. =tan’ A
i . 1+cos24 an 1+cos2A an
3 tan 6 —tan’ 6
31, cos3A=4cos’A-3cosA 3. 3=
1-3tan” 6
33. Use the formula cos 24 = 2 cos? A — 1, to write cos % in surd form.
Sum and Product Formulas
Changing products into sums and differences:

2 cos A cos B =cos(A +B) + cos(A - B)
2 sin A cos B = sin(A + B) + sin(A - B)
2 sin A sin B = cos(A - B) — cos(A+B)
2 cos A sin B = sin(A + B) — sin(A - B)




Changing sums and differences into products:

.

cos A+cosB=2cos
cos A —cos B=-2sin
sin A + sin B=2 sin

sin A-sinB=2cos

+B A-B
cos
2

A+B A
cOS

B

2

A+B COSA—B
2

A+B . A-

)

B

These are given on page 9 of the tables. The proof of these 8 formulas is not required.

Solution:

(i) sin 56 cos 36
A=560 B=36
sin A cos B = 3[sin(4 + B) + sin(A - B)]
-, sin 56 cos 3¢
= [sin(56 +36) + sin(56 — 36)]
= 1[sin 86 + sin 26]

(larger angle first)

g [ R R SRR

(i) Express cos 360 sin 56 as a sum or difference of two trigonometric functions.
(ii) Express sin 60 + sin 46 as the product of tw

o trigonometric functions.

(i) sin 66 + sin 40
A=060 B=40

gin A + sin B =2 sin 4B cos e
] 2 2
.. sin 66 + sin 46

ey 60.+46\ 66 — 460
a3 2 2

=2 sin 560 cos 0




e S—

et S

Example {_
(i) Find the exact value of sin 105° — sin 15°.
B sin @ — sin 26 + sin 36
(ii) Prove that =tan 26.
cos O —cos 20 + cos 360
Solution:
i) sin 105° — sin 15° [A=105°, B=15°]
3 105° + 15° S 105° - 15° ot kg A+B SinA—B
= QO - — h d —
S 3 5 sin A — sin cos|— >
=2 cos 60° sin 45°
2><1>< - cos 60° - sin 45° :
= —_ —_— (q) = — s =—
2 9p 2 \2
Lok
\2
2 sin @ — sin 20 + sin 36
(i)
cos 8 — cos 20 + cos 36 :
linking the odd angles on top and bottom |
_sin 30 +sin 6 — sin 26 (or even angles if given) and putting the
cos 36 + cos 6 — cos 20 larger angle first in both cases :
-using 1
. [360+86 39-6\ . ; P TSt A+B A-B
23111( S )cos( > ).—gm26 smA+smB—25m( 5 )cos( 3
= 30+ 0 30-0 on the top and
2 cos cos| — —cos 26 A i} i
( 2 ) ( 2 ) cos A +cos B=2 cos 8 cOS 2
2 2
Lon the bottom
5 2 sin 26 cos § —sin 20
" 2 cos 26 cos 6 —cos 20
sin 26(2 cos 6 - 1) St
= factor t d bott:
cos 26(2 cos 0 - 1) LESICHSIRE LOP;00 DO om]
in 26 e,
Wi [dividing top and bottom by (2 cos 6 = 1)]
cos 20

L = tan 26 J




1 Exercise 8.2 w I

Express each of the following as the product of two trigonometric functions:

1. sin 46 +sin 260 2. cos 76 +cos 50 3. cos 86 — cos 20
4. sin 560 —sin 36 5. cos 60 — cos 26 6. cos 6 +cos 76
7. sin 6 + sin 30 8. cos 6 +cos 360 9. sin 20 — sin 86
Express each of the following as the sum oT difference of two trigonometric functions:
10. 2 sin 66 cos 26 11. 2 cos 36 cos 8 12. 2 cos 46 cos 0
13. 2 cos 68 sin 36 14. -2 sin 40 sin 6 15. 2 cos 76 sin 66
16. cos x sin 5x 17. sin2A sin A 18. cos 3Asin A

Find the exact value of each of the following:

19. sin 75° - sin 15° 20. cos 105° - cos 15° 21. sin 255° - sin 15°
92. 2 sin 75° sin 105° 23. 2 cos 75° cos 15° 24, cos 373° sin 75°
Verify:

cos 80° —cos 40° 3 26. sin(120° + A) + sinA 1

oot RE Ly i
sin 80° — sin 40° cos(60° - A) +cos A V3

Prove each of the following identities:

23, sin36+sin6=4sin6c0s26 28. cos 36 + cos § =& cos® 6 —2 cos
gg, COSTATCOSIA_ o5 o zp, SOSSATCSM_ 5 sin24
gin 5A —sin 3A gin 3A —sin A
20 9 — sin 40 si 36
31. 2 cos -IE+6 cos! ﬁee =cos 26 32. Sfj_s___cfi—w;=cot26
4 4 sin 86 cos g — sin 66 cos 36

........................................................

Between 0° and 360° there may be two angles with the same trigonometric ratio.

For example, cos 120° = -1 and cos 240° = -1

To solve a trigonometric equation do the following:

| 1. Ignore the sign and calculate the related angle. ‘h

2. From the sign of the given ratio, decide in which quadrants the angles lie. “v

3. Usinga rough diagram, state the angles between 0° and 360°.




Maximum and minimum va

If sin @ = k, then, 1<kl
If cos 0 = k, then, -l ksl
keR.

If tan 0 = k, then,

1
(i) Solvecosf=-—=: 0<8<2m.
\ V2
o s 3
(i) Solve sin 0= - 0<f<2nm.
(iii) Solve sin? 0 =1, 0<8<360°.

Solution:

(i) cos Gs—%

related angle (ignore sign) = 45° or %

cos is negative in the 9nd and 3rd quadrants.

135°
S A
S
457
£/ C
225°

1
Thus, if cos 0=——> 0<8<2m,
\2

3n 57
i e 25° o i
9 =135°,225° or A

(i) sin?0=3 0<6< 360°
il
sinds x —,related angle, 6 = 45°
§=45°, 135°, 225°, 315°
o B—E 3 5_’f T
T B L

e oty
O R TR -

lues for simple trigonometric equations

min. value = —1, max. value = 1
min. value = —1, max. value =1
any value, —oo {0 &

&

34 MR
(ii) sin )

related angle = 60° or %

sin is positive in the 1st and 2nd quadrants.

60°
C
Thus,ifsin€=~2—, 0<6<2m,
o 2
o= 60%:120% 10 = =i =
or 33
135°




Example -

3
Solve sin x-+~E =—£, 0<x<2m.
6 2

Solution: § A

V3

sinfx+—|=—-—, 0<x<2n 60° 60°

2 T G

ke hiebs =y
==
V3 240 300

related angle, 6 = 60°
sin is negative in the 3rd and 4th quadrants, thus 6 = 240° or 300°.

Thus, x+%=240° or x+%= 300°
x+30°=240° x +30° = 300°
x=210° x=270°

Tn or e 3

or X=— =—

6 2

We may have to solve equations involving multiple and sub-multiple angles.

Example <
- Solvecos3A=1,  0<A<360° 60°
. Solution:
cos3A=1 J
| related angle = 60°
cos is positive in the 1st and 4th quadrants. T
 Given: 0<A<360°
: 0<34<1080° (multiply each part by 3)
. Thus, we need to go as far as A + 1080° 300°
: 34 = 60°, 60° + 360°, 60° + 720°, or 3A =300°, 300° + 360°, 300° + 720°,
t 60° + 1080° 300° + 1080°
34 = 60°, 420°, 780°, 1140° or 3A =300°, 660°, 1020°, 1380°
: A =20°, 140°, 260°, 380° or A =100°, 220°, 340°, 460°
But we are given 0 <A < 360°
| Thus, A =20°, 100°, 140°, 220°, 260°, 340°.

&
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| Exercise 8.3 =
Solve each of the following equations for 0 <6< 360°.
1
1. tanf=1 2. cosf=3 3. sinf=—=
’ V2
V3 1 V3
4. sin9=-2w 5. cos9=——6 6. sin6=—7
7. tan 6="3 8. sind=0 9. cos=-1
2
10. cosec 6 =-2 11. cot6=-1 12. secf=-—
V3
13. tan?6=13 14. 4cos’6=1 15. 2sin?9-1=0
, g 3
16. tan 30=1 17. sin20=3 18. cos —=——
5 2 2
3
19. sin(0+60°) =3 20. cos(f—45°) = - 21. tan(@+30°) = 3
1
22. sin(20+30°) =1 23. cos(30+15°) =3 24. tan( +60° ) -5
In questions 25-27, give your answers correct to one place of decimals:
25. 100 sin 6 =43 26. 4tan 6=135 27. 3cosf=-1

Tngonometric Equations 2

More complicated trigonometric equations can usually be reduced to one or more simple trigonometric
equations by factorising or rearranging.

T s i bt .

Solve cos 2A +3sinA-2=0, 0<A<360°

Solution: ;
cos2A+3sindA-2=0

(1-2sin?A)+3sinA-2=0 [cos 24 = 1 — 2 sin? A]
 —2sin?A+3sind-1=0 90"
2sin?A-3sinA+1=0 :
(2sinA - 1)(sinA-1)=0 [factorise] 1507 S A 30°
2sinA-1=0 or sinA-1=0
sinA=1 or sinA=1 30 30°
sin A =3, related angle = 30° T c
sin is positive in the 1st and 2nd quadrants.
Thus A = 30° or 150°.
sinA=1
A =90°

Thus, A = 30°, 90°, 150°




Example -

Solve V2 sin 0 cos 8+ cos 6 =0, 0<0<360°.

Solution:

V2 sin # cos 0+ cos =0
cos 0(\5 smf+1)=0 [take out common factor cos 6]

cos8=0 or \V2sinA+1=0
1

2
cos =0

6 =90°, 270° S

cos@=0 or sinA=-
1

90°

1
1) = V3 sin A = -—, related angle = 45°. 45°
) N
3 o) o1 sin is negative in the 3rd and 4th quadrants. T
' 3 A=1225°or 315° 225°
Thus, A = 90°, 225°, 270°, 315°.

270°

45°

15"

Example ~

R romettie - Solvesin 54 +sin30=0, 0<6#<180°.

Solution:
sin 5@ +sin 36=0
56+ 30 560 -30

2sind4@cos =0
sin 46 cos =0
sin 46 =0 or cos =0
46 =0°, 180°, 360°, 540°, 720° or 0 =90°
3 g =0°, 45°, 90°, 135°, 180° or 6=90°
4 3 Thus, 8 = 0°, 45°, 90°, 135°, 180°.

] | Note: As we are given 0< 6 < 180°, then 0 < 46 < 720°.
Thus, we need to go as far as 720° for sin 46 = 0.

: : ; . [A+
2su1( 5 )cos( 3 ):0 [smA+smB=231n(

A-B

o

2

)]

@
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| Exercise 8.4 =

Solve each of the following equations for 0 < 0<360°:

1 (2c059-1)(cos€+1)=0 2. sin62sin@-1)=0

3. tan? @ +tan =0 4, 2cos*f-cosf=0
f 5. 2sin?6-sinf-1=0 6. \3sinf=2cos’6-2
' 7. 3-3cos§=2sin* 6 8. V2sinAcosA-cosA=0
‘ 9. cos260+sinf=0 10. sin20+sing=0
i‘ 11. cos 48 =cos 26 12. cos20=1-2sin6
iR
L 13. sin?0+3cos?6-2=0 14. 4cos®@-cos6=0
f 15. tan?f=1+sect 16. 2 sin @+ 1=cosec

17. Show that sin(@ + 30°) = 3(¥3 sin 6 + cos 6).
Hence, solve sin(0 + 30°) = 2 cos 6, 0<0<2m.

i 18. Show that sin 36 + sin 6 = 2 sin 26 cos 6.
Y Hence, show that sin 36 + sin 6 + sin 26 = sin 20(2 cos & + 1)
L Hence, solve sin 36 + sin 6 + sin 26 =0, 0<6<180°.

2tan A
19. Prove that sin 2A = __;211_2_ and hence solve sin 24 —tan A =0, 0<A<180°.
1+tan“ A
20. Show that sin 5x — sin x =2 cos 3x sin 2x.

Hence, solve sin 5x —sin X + 3cos3x =0, T € x<2m.
21. Prove thatcos 3A=4 cos? A — 3 cos A, and hence solve cos 34A+2cos A=0, 0< A< 180°.

1# 22. x=0° and x = 60° are two solutions of the equation a sin” x + b cos x =3 = 0, where a, b€ N.
T i o Find the value of @ and the value of b.
Using these values of a and b, find all the solutions of the equation where 0° <x < 360°.

23. Solveismx—cos-§=0, 0<x< 2.

V3




:80°.

[nverse Trigonometric Functions

We now consider the reverse process of determining an angle given the value of one of the trigono-

metric ratios.
Consider the right-angled triangle on the right.

Ratio Angle
. 3 . V3 2
8in f=— 6 =sin" —
2 2 3
1
cos f=— 0 =cos™! — ) =
2 2 1
tan 6="3 6 = tan~ 3

However, a problem arises with the sin™! x, cos™ x and tan™" x notation.
Consider the following equations:

Ifsin @=3, then 8 = sin™ } = ..., -330°, -210°, 30°, 150°, 390°, 510°, ...
[ftan@=1,then§=tan"! 1=...,-315° -135°,45°, 315°, 405°, 675°, ...

From this we can see that if there is no restriction on the value of @, then the equations sin 6 = and
tan 6 = 1 have an infinite number of solutions.

To overcome this problem, the value of @ is restricted to the range -90° <6< 90° or £0< ~2~

Nlél

The angles within this range are often called the ‘principal values’.
Using these restrictions for 6 we always obtain a single value for our answer.

: V3
Thus, sin™* 7= 60°, not also 120°, as 120° in not in the range —90° to 90°.

Note: sin! x is pronounced ‘inverse sine x’ or ‘sine inverse x’ or ‘arc sine x’.

Domain and range of the ‘inverse trigonometric functions’:

.1 ; T
sin™ x: Domain = [-1, 1], Range = -5 5
tan~! x: Domain = [—ee, ], Range = _JT ,E

22
cos ! x: Domain = [-1, 1], Range = [0, 7]




s 5 = En

ripe R

If f(x) = sin™* x, copy and complete the table below giving sin”' x in terms of 7.

G Rl

3 1
T x |-l 8 R T 3 |
| 2 2 2 2 |
| . = !
1 sm - x —E 0 i sinlx A
— 1 L %
Draw the graph of this function in the domain [-1, 1]. -3
Solution: 1z
Completed table. iy P e e
e A = e e g L 1 41 i
A R .15 [ ) RN IR i
| | 2 | 2 | 2| 2 | >
15111’-):—131 i [ ”Lo EARER 3
2|73 |6 6| 3 |2 | I
Il N2 T B T B N E
Example
Evaluate: sin{cos™ = sin”! 12
: 17 13
Solution:
8 12
cos™ T and sin! & angles.
8 12
let A= COS—I -ﬁ let B= Sin'l —1*3—
qat 17 e ) 13
COS A= 'ﬁ 15 smmb= '1—3 12
15 /A N 5 =]
A=— =—
sin 7 5 cos B 3 :
sin| cos™! L sin~! L
17 13
8 12
=gl 4 z s s PR 2 e
sin(A — B) (A cos 7 sin T
=sinA cos B—cos A sinB
1 15t 3l 12
e 8 18
75 96 21
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rExercise 85w

Find the principal value of each of the following:

1 1 1
j ) 2. tan~'1 3. cost— 4 si——

; 7 )
5. tan"'(-V3) 6. sin”' 0 7. tan”!(-1) 8. sinl(—g)

1 1
-1 _ e
9, tan ( F\@) 10. sin ( 2)

Drawing an appropriate right-angled triangle will help in the following problems.
Evaluate each of the following:
)

3 5 3
1.t inlL 12, it = 13. in"1 — . sin®tan”! =
1 an(sm 5) cos(sm i 3) 3 tan(sm 7 14. sin (tan 4)

: 15 : 8 . 5] . 4 3 5
15. tf=111.2(S111‘1 ﬁ) 16. sm(2 cos™! _ﬁ) 17. sm(sm‘lﬁ+ sin™! E) 18. tan(sin‘1§+sin‘1 13)

3 12
19. cos(sin'l Z+cos! —) 20. sin(sin‘1 1 +sin™! J-m)

5 13 V5 V10

7 3
21. Prove that sin(c:c»s1 E) = sin(z tan~! Z)

1
l+x

1

22. Prove that (i) sin(tan™ x) = = (ii) 2 tan~! x = sin™ =
+x

23. For0<x< 1, prove that sin ' x +cos™' x = g

24. Make sure your calculator is in radian mode.
If f(x) = tan™! x, x in radians, draw the graph of fin the domain -5 <x < 5.

X
z]
51157

+ 1L.57

SSlE]




. . sin
Let us consider the value of the expression :

B

.................................................................

6
as @ approaches 0 (6 in radians).

¢ (in radians) sin & sn; 2
1 0.8414709848 0.8414709848
0.5 0.4794255386 0.9588510772
0.1 0.0998334166 0.9983341665
0.01 0.0099998333 0.9999833334
0.001 0.0009999998 0.9999998333
. sind
As 0 approaches 0, the expression approaches 1.
. siné
This is written: | Jim ——=1 | (¢ inradians)
The result can be extended to multiple and sub-multiple angles:
in k6 k
m S 1 and lim—— =1, kER
8—0 k@ #—0 sin k@
Similarly, where @ is in radians:
tan ki ke
tim 22K _ 4 and lim ——=1, kER
=0 kO §—0 tan k6 B

Note: lim cos 8=1.
8—0
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. .. sin4f+sin 26 e .. tande
Evaluate: (i) 911_1;1’%) SRS Ao (ii) 9151}) 5
Solution:
) sin 46 + sin 26 ol tan 46
e , W Thg
_sin49+sin26 _tan40_1
T 0 A
= sin 46 " sin 260 _tan40 4
~ | 40 20 T4 8
_ (sin48+ sin 26 i on
o= 75
_ _ N 4 e tan 40
-5 i (5] Pt
=3(D
=4(1)+2(1) 1
=4+2=06

Sometimes we have to change sums and differences of trigonometric functions to products (using page
9 of the tables).

Rl | R

cos 5x —cos 3x

Evaluate: lim
x—0 cos 4x —cos 2x

- Solution:

cos Sx —cos 3x

cos dx — cos 2% From page 9 of the tables:

A+B A-B
9 s Sue+3x) . [5x—3x cos A —cos B=-2sin o sin|
-2 sin 5 sin 2 2 2

R (4x+2x), (4x—2x)
-2 sin| Sin

€os 5x —cos 3x

m ———
x=0 cos 4x — cos 2x
sm4x  3x

2 2

—2 sin 4x sin x

—2 sin 3x sin x = lim i
: x—=0 4y  sindx
sin 4x

= - (M@
sindx 1 =3
1 sin3x
sindx  3x
4x " sin 3x

4
3

W
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| Exercise 8.6 w
Evaluate each of the following limits:
in3
e i e 2.
x—=0 X
X
; 4. li 5.
|L ¢ X’r’% sin 4x
g
L . tan 8x
7. lim 8.
x—=0 x
],g ;? 10. lim = 11.
e g1l x—0 3x
1 sin 4x + sin 2x
il 18, Tom o =l 14.
A x—0 X
Ri
e 18, fimg e 17.
i x—0 sin 3x + 81 X
By 19. lim 20.
B ez
22. Prove that cos 2x=1-2 sin” x.

2

Hence, show that lim ——— =
x—01-cosx

sin x tan x

lim
x—0 x

sin 3x tan 2x

lim ——

x—0 x

x sin 2x
e
¥x—02 -2 cos°x

_4'

sin 8x —sin 2x

12.

15.

18.

21.

cos 4x — cos 2x
im——
x—0 cos 5x —cos 3x

lim dx
x—0 sin 4x + sin 2x

xsinx
im ————
x—0]1-cosx




