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SEQUENCES AND SERIES

A sequence is a set of numbers, separated by commas, in which
each number after the first is formed by some definite rule.

Note: Each number in the set is called a term of the sequence.

1. 5,9,13,17, ...
Each number after the first is obtained by adding 4 to the previous number.
In this example, 5 is called the first term, 9 the second term and so on.

2. 1,3,929, ..
Each number after the first is obtained by multiplying the previous number by 3.
In this example, 1 is called the first term, 3 the second term and so on.

General Term, u,,

The terms of a sequence can be expressed as u, Uy, U4, Uy, . . .

A sequence which follows a regular pattern can be described by a rule, or formula, called the general
term. We use the symbol u, to denote the general term. u, may be used to generate terms of the
sequence (sometimes T, is used instead of u ).

Consider the sequence whose general term is: u,=n2+3n.

To generate any term of the sequence, put in the appropriate value for n on both sides:

u,=n’+3n (general term)

u;=(1)?+3(1)=1+3=4 (first term, put in n= 1 on both sides)
Uy= H243(4)=16+12=28 (fourth term, put in #n =4 on both sides)
u,=(7?+3(7)=49+21=70 (seventh term, put in n =7 on both sides)

The notation u,,=n2+3n is very similar to function notation where # is the input and «, is the output,
i.e. (input, output) = (n, u ).

Note: n used with this meaning must always be a non-negative whole number.
It can never be negative or fractional. In other words, n € N.




A sequence is given by u,=n?-3n, where ne N,
(i) Find u . (if) For what value of n e N is u,=40?

Solution:
@ wu,=n?-3n Given: u,=40
Uy =(10)2-3(10) n2-3n=40
=100-30 n?-3n-40=0
=70 (n+5)(n-8)=0
n=-5 or n=8
Thus, n=8, asneN,.

Fonte P e A R T

If u,=(n-10)3" verify that: u,_ ,~6u,,;+9u, =0.
Solution:

The basic idea is to express u,,; and u, ., in terms of n and 3", the lowest power of 3, and
! substitute these into the given expression.

| To find u,,,,, replace n with (n+ 1); to find u,,,, replace n with (n +2).
&m general u =(n—10)3"
ms of the " . 1

Up =l +1)-1013""=(n+1-10)3'.3"=(n-9)3.3"=3(n-9)3"
Upip=[(n+2)-10]3"2=(n+2-10)32.3"=(n—8)9 .3"=9(n - §)3"

un+2 - 6un+1 * 9“

{ \ \
=[9(n-8)3"] - 6[3(n—-9)3"] +9[(n—10)37]

=9(n—8)3"—18(n—9)3"+9(n— 10)3"
=379(n—8)— 18(n—9) +9(n — 10)] (factor out 3")
he output, | =397 —72—18n + 162 + 91— 90]

=3"[18n— 181+ 162 — 162]

=37[0]

4 =0

n
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Ifu,,=n+1’sh0wthatun+,> i
Solution:
ol o (n+l) n+l
| T AT 41 B2
un+1>un
n+1 n
PSR o2
n+2 n+l
multiply both sides by (n+2) and (n+1);
(n+ 1) +1)>n(n+2) ((n+2) and (n+ 1) are both positive as n € N,
n2+2n+1>n%+2n
1>0 true (subtract 72 and 2n from both sides)
un+1>un

Notes: If u,,,>u,, for all n €N, then the sequence u, is (monotonic) increasing.
Ifu +1< i, for all n e N, then the sequence u,, is (monotonic) decreasing.

| Exercise 7.1 =

1. Ifu,=3n+2, find u, and u,. Show thatu,, ., —u,=3.

2. (i) Ifu,=n?>-3,findu, u,andu,,,.
(i) Ifu,,,—u,=an+b, a, b e R, find the value of a and the value of b.
(iii) If u,=222, find the value ofn, neN.

3. (i) Ifu,=n?+5n findu, u,andu,,,.
(i) Ifwu,,,-u,=pn+gq, p,qeR, findthe value of p and the value of g.
(iii) If u, =66, find the value of n, ne N.
(iv) Show that: u, ,>u

4. u,=an’+bn, where a, be R. If u; =7 and u, =20
(i) find the values of @ and b (i) find the value of ne N if u = 64.

fu,=2"+1,findu;, u, and u,,, Show thatu, >u,.
If u,=(5n—2)3" show that u,,, —3u,= 5(3)n+1,

If u,=(n+1)5" show that u ., ~ 10u,,; +25u,=0.

If u, =1 (9"—3"), show that u,,,=3u,+2(9)"

® % N oA

. Ifu,=22""42""1, show that u,, - 2u,—2*=0.

&
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10. Ifu,=3+n (n-1)2 show thatu,,, —u,=3n2-n.
11. If u,=n*+4n, find u, and u,. Simplify: (u,,,, - Upo)— (U, —u,).
12. If u,=4(n+1)!, show that u,,, ~nu,=2u .

1

13. Ifu,= - show that u,,, <u,, where ne N,
1

14. If u = e show that u,,,<u,, where ne N,

1
15, fu,= i show that u,,,<u,, where ne N,

n+3
16. If u, = mal show that u,,, <u,, where ne N,

17. The nth term of a sequence is given by u,=a(2)"+bn+c, where a, b, ce R.
Ifu,=0,u,=10 and u,=26, find:
(i) the value of g, b and ¢ (i) u,.

Series and Sigma (X) Notation

............................................ Frrrasesraata b

When the terms of a sequence are added together the sum of the terms is called a series.

For example, Sequence : 1,4,7,10, ...
Series : I+4+7+10+- .-

A finite series is one which ends after a finite number of terms.
An infinite series is one that continues indefinitely.
The sum of the first n terms of a series is denoted by S, where:

S,=u+ustus+ - +u,

This is an example of a finite series, as there is a finite number of terms.
The finite series S, can be expressed more concisely using sigma (Z) notation.

n
S,=u,+u,+vu +- --+un=2u,
r=1

Notes: The letter r (called a dummy variable) does not appear when Zu, is written out.
r=1

h
Zu,=ul+u2+u3+- ot U,
r=1

n n
Any other letter could also have been used, for example Zui or ) u,.
i=1 k=1




n
Zur is read as:
‘the sum of u, from r=1to r=n’ or ‘sigma u fromr=1tor=n.
/(last value of r in the series)

Zurzul+u2+u3+- ot Ut Uy
r=1

\ (general term) (- - - indicates more terms)

(first value of 7 in the series)

The values of r increase in steps of 1 from the first term to the last term.
8
2u,=u3+u4+ Us+UgtUs+ig
¥=3
i.e., start at the third term, u,, finish at the eighth term, ug, and add these terms.

The notation can also be used to describe an infinite series.

Zu,=ul+u2+u3+A et
r=1 T

(- - - indicates that the series continues indefinitely)
In this notation, co indicates that there is no upper limit for r.

Note: S,=u,, Sy=uy+ Uy, Sy=u;+u,+tus etc.

iy 3 [ TR

4
Evaluate: (i) L(2r+1) (i) > (-1)r+t2.
r=0 r=1
Solution:
5:)
S er+ D=0 +11+ 20+ 11+ 2@+ 11+ [2(3) + 1]+ [2(4) + 1]+ [2(5) + 1]
e =(0+1)+(2+1)+(4+1)+(6+1)+(8+1)+(10+1)
=1+3+5+7+9+11
=36
Z( _1)r+1 27 = (- L (1P 4 (=122 + (D)
= (~D)*2) + (1)@ +(-1)* () + (-1)*(16)
= (D2 + (=D@) + (1) + (~1)(16)
=2-4+8-16
=-10

&
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Notice that in the second example the series alternates between positive and negative terms.

(-1)*=1  when kis even.
(-1)*=-1 when kis odd.

Find u, when Given S

S,=utuy+us+--+u, +u,

S, =ty Fug+e o tu,

S8 = u (subtracting)

n n-1 n

IfS, =u;+uy+u,+- - +u, then:
un=Sn_Sn—1

This gives us a nice method to find the general term, u,, when given S, in terms of n.

SRS {57555 G s w5 i

S = tugtuq+ U,
If §,=2n? - 3n, find an expression for u,, and hence find u .

Solation:
S,=2n%*-3n
S, 1=2n-1)2-3(n-1) [replace n with (n—1)]

=2(n*-2n+1)=-3(n-1)
=2n?-4n+2-3n+3
=2n%-Tn+5

Up=8,—8,
=(2n%-3n)-(2n*-Tn+5)
=2n2-3n-2n2+7n-5

u,=4n-5

Thus, u,,=4(10)-5=40-5=35.

Exercise 7.2 w

Evaluate each of the following:

6 5 6
L > @r+1) 2. > (3r-2) Y
r=1 r=0 r=1
5 4 6
4. > n(n+1) 5. > (1) *1y3 6. > (-1)r2r
r=1 r=1 r=0
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| 7. Baluate: () > (-1)"(r+ 1)(r+3) () D, (r )1 ‘

! r=2 r=3 77

i 8. For a sequence, u,=2n+5. Find: (i) S, (i) S,
9. For a sequence, u,=3(2)" Find: (i) §, (if) S,

10. For a sequence, u, = ;%v Find the value of §;.

In each of the following find 1, given S, =u,+u, +uz+- - +u,;

11. S, =n%*+2n 12. S,=n%-5n 13. S,=2n+n
i 14. For the series S, =u +u,+ - -+u,, §,= n(n2+1).
? Find: (i) §,_, (i) u, (i) 2.

15. For the series S, =u,+u,+---+u,, §,=2"
! Find: (i) S,_, (i) u, (i) 2, (iv) Vi,

16. For the series S,=u,+u,+---+u,, S,= 2(2)"+n?.
Find an expression for u , and, hence, evaluate ug.

Arithmetic Sequences and Series

Consider the sequence of numbers 2, 5, 8, 11, ...
Each term, after the first, can be found by adding 3 to the previous term.
This is an example of an arithmetic sequence.

A sequence in which each term, after the first, is found by
adding a constant number is called an arithmetic sequence.

The first term of an arithmetic sequence is denoted by a.
The constant number, which is added to each term, is called the common difference and is denoted by ¢
Consider the arithmetic sequence 3, 5,7, 9, 11, ...
a=3 and d=2
Each term after the first is found by adding 2 to the previous term.
Consider the arithmetic sequence 7, 2, -3, -8, . ..
a=7 and d=-5
Each term after the first is found by subtracting 5 from the previous term.

g In an arithmetic sequence the common difference, d, between any two consecutive terms is always th
it same.

Any term — previous term =u,,— u,_, =constant=d.

@
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If three terms, u , u,,,,, u,,,, are in arithmetic sequence, then:

Uppp=Upp 1 =U, 1 — U,

General Term of an Arithmetic Sequence
In an arithmetic sequence a is the first term and 4 is the common difference.
Thus, in an arithmetic sequence:

w,=a =a

U,=a+d =a+d

us=(a+d)y+d =a+2d

uy,=(a+2d)+d=a+3d and soon.

Notice that the coefficient of d is always one less than the term number.
Thus, the general term of an arithmetic sequence is given by:

u,=a+n-14d

For example: uy=a +7d, Up=a+9d.

Note: If u,=pn +q, where p and g are constants, then the sequence is arithmetic.

Arithmetic Series
If the sequence u, u,, us, . . ., u,, is arithmetic, then the corresponding series,
S,=u;+u,+us+---+u, is an arithmetic series.

The formula for §, of an arithmetic series can be written in terms of the first term, a, and the common
difference, 4.

IfS,=u,+u,+uy+- - +u,is an arithmetic series, then:

S, = %[2a+(n- 1)d).

To derive this result:

8= [a] + [a+d] 4+ [a+(-2)d] + [a+(n-1)d]
S,=la+(m-1)d] + [a+(n-2)d] +---+ [a+d] + [a] (in reverse)
28, =[2a+(n-1d]+[2a+(n-1d]+ - -+[2a+(n—-1)d] + [2a + (n—1)d] (add)

25 =n[2a+(n—1)d]
B ;[2a+(n—1)d]
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Once we find the first term, a, and the common difference, d, we can answer any question about an
arithmetic sequence or series.

Note: If § =pn?+gn, where p and g are constants, then the series is arithmetic.

NN i e i Ll
If k+2, 2k + 3, 5k—2 are three consecutive terms in an arithmetic sequence, find the value of ,

keR.

Solution:

We use the fact that in an arithmetic sequence the difference between any two consecutive terms
is always the same.

Thus: Upg— Uy =U, = U, (common difference)
(5k —'2)/- (2k 4/3) = (Zki 3) —?: +2) (put in given values)
Sk-2-2k-3=2k+3-k-2
3k—-5=k+1
2k=6
k=3

Check: When k=3, the terms are 5, 9, 13, which are in arithmetic sequence.

TR [ 5 i i A

In an arithmetic series, the sum of the first six terms is given by §c=57 and the fifth term is
given by u;=14.
Find the first term, a, and the common difference, d.

Selution:
Sn=%[2‘1+(”"l)d] u,=a+n-1)d
Given: Sg=57 Given: us=14
g(za+5d)=57 s oa+d4d=14 @
3(2a+5d)=57
2a+5d=19 @

We now solve the simultaneous equations @ and @ to find g and 4.

2a+8d=28 @x2 a+4d=14 @
—-2a-5d=-19 ®x-1 a+4(3)=14
3d=9 a+12=14
d=3 a=2

Thus, the first term is a =2 and the common difference is d=3.
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Find the sum of the series 5+ 8+ 11 +- - - +65.

Solution:
We are given a =5 and d=3. We need to find which term of the series is 65.
Given: u,=65
a+(n—1)d=65 (we know a and d; find »)
5+(n-1(3)=65 (putin a=35 and d=3)
5+3n-3=65
3n+2=65
3n=63
n=21
Thus, there are 21 terms in the series. We need to find §,,.
S, =52+ (- 1)d]

S1=2125)+ C0))]
21
= —2-(10 +60)

21
=2(10)
=735

To verify that a sequence is arithmetic, we must show the following:

u,—u,_;=constant.

To show that a sequence is not arithmetic, it is necessary only to show that the difference between any
two consecutive terms is not the same. In practice, this usually involves showing that u;—u,#u,—u;
or similar.

(i) The nth term of a sequence is 1, = 3n — 2. Verify that the sequence is arithmetic.
(ii) The nth term of a sequence is u ,=n?—2n + 5. Verify that the sequence is not arithmetic.

Selution:
i u,=3n-2 (i) wu,=n?-2n+5
u, 1=3(n-1)-2 U, =(n-1)2-2(n-1)+5
=3n-3-2 =nt-2n+1-2n+2+5
=3n-5 =n?—4n+8




u = el

n n-1

{ 3
=(3n-2)-(3n-5)
=3n-2-3n+5
=3 (a constant)
u,—u, ;=aconstant

Thus, u,, is an arithmetic sequence.

Alternative method for (ii):
u,=(1)2-2(1)+5
=1-2+5
=4

Us3—u,=8-5=3

Thus, u,, is not an arithmetic sequence.

u,=(2)2-2(2)+5
~4+5

=4
=5

U, & Uy

2 ¥
=(n?-2n+5)-(n?-4n+38)
=n’-2n+5-n+4n-8
=2n-3 (not a constant)
U,—u, | +aconstant

Thus, u, is not an arithmetic sequence.

u3=(3)2-3(2)+5
=9-6+5
=8

Uy—u;=5-4=1

Us—Uy#Uy— U,

Find: () u, (1) .
(iii) If S,=-60, find the value of n.

Solution:
i S,=4n-n?
S, 1=4mn-1)~(n-1)?
=4(n-1)—(n2-2n+1)
=4n-4-n2+2n-1

=—nl+6n-5

u,=5-2n
uig=5-2(18)
=5-36
=-31

(ii)

TR - i S AR ARG 3 e

The sum of the first n terms of an arithmetic series is given by S, =4n-n2

u,=S,-5,_4
=@n-n?)—(-n?+6n-5)
=4dn-n?+nl-6n+5
=5-2n
(iii) Given: S,.=-60
4n-n?=-60
n*—4n-60=0
(n+6)(n-10)=0
n=-6 or n=10
n=10,asneN.

If we need to find three consecutive terms of an arithmetic sequence, we let the numbers be:

a-d,

a, a+d.

If we need to find five consecutive terms of an arithmetic sequence, we let the numbers be:

a-2d,

Keep ‘a’ in the middle of the sequence.

a—d,

a, a+d, a+2d.

&
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Three numbers are in arithmetic sequence. Their sum is 24 and their product is 494.
Find the three numbers. ’

Solution:
Let the three terms be (a —d), a, (a + d), which are in arithmetic sequence.

Given: Sum of the three terms = 24
(a—d)+a+(a+d)=24
a~-d+a+a+d=24
3a=24
a=38
Given: Product of the three terms =494
: (a—d)(a)a+d)=494
(8-—d)(B)(B+d)=494 (putin a=28)
88 —d)(B8+d)=494
8(64 —d*) =494

512 -8d%=494

-8d%*=-18

8d%=18

4d*=9

9

D

d—4

a=8 4
3 13
a—d=8—5——2—
3 19
a+d—8+5-—-2—-
Thus, the three terms are 173 8 %

S AN e R NI T o A S e

Exercise 7.3 -

1. The nth term of an arithmetic sequence is given by u ,=5n-3.
Write down the first three terms.

2. The first three terms of an arithmetic series are 3+ 7 + 11+ - -
Find: (i) uy (i) S,




15.
16.
17.

18.

19.

20.

21.

22,

23.

S5

25.

24.
* Three consecutive terms of the series, a ~d, a and a + d, have a sum of 24 and a product of 120.

How many terms are there in the arithmetic sequence 2, 5, 8, ... 597

Find the sum of the series: -=5—-1+3+...+151.

Each of the following represents the first three terms of an arithmetic sequence.
In each case find the values of x, xeR.

i x+2,11,4x (i) 2x—1,2x+1,3x (i) x+1,2x-1,5x+3
(iv) 5x—-1,1,x+1 (v) 5x+2,x%3x-2 (vi) 3-5x,x% 3x+1

(a) If4x+5, x% 2x—5 and y are four consecutive terms in an arithmetic sequence, find the
values of x and y, x, y€R, and write down the four terms.

(b) The nth term of a sequence is u,=n?+3n—2. Verify that the sequence is not arithmetic.

The sum of the first n terms, S, of some series is given below.
In each case, find u, and verify that the series is arithmetic:
() S,=n?+2n (ii) S,=n%-n (i) S, =2n2+5n (iv) S,=3n-2n?

The sum of the first n terms of an arithmetic series is given by S, =2r2—3n.
Find: (i) S, (i) u, (i) v
(iv) If §,=77, find the value of n.

The nth term of an arithmetic sequence is given by u,=pn +g.
(i) Ifu,=-1and us=17, find the value of p and the value of q.
(ii) IfS,=an?+bn, find the value of @ and the value of b.

50

60
Evaluate: (i) > (2r+1) (i) > (3r-2).
=1 r=l

The sum of the first n terms of an arithmetic series is given by § = ;(n +1).

Evaluate: VS, ., +S,—u,.

n

An arithmetic series has a common difference d, where d> 0.

Calculate the value of 4.

Three numbers are in arithmetic sequence. Their sum is 24 and their product is 312.
Find two possible sets of values for these terms.

. Three numbers are in arithmetic sequence. The middle number is 6.

The sum of their squares is 120.5. Find the other two numbers.

- Five numbers are in arithmetic sequence. Their sum is 50. The product of the least and the

" greatest term is 64. Find the five numbers.

29,

- In an arithmetic series, ;= cos x, u,=2 sin x, and u, =2 cos x, where 0 < x < §-

Find x and hence the common difference, d, and the first term, a.

The nth term of a series is given by u,=In[2""1(x)].
(i) Write down the first three terms.
(i) Verify that the series is arithmetic.
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Consider the sequence of numbers 4, 12, 36, 108, . . ..
Each term, after the first, can be found by multiplying the previous term by 3.
This is an example of a geometric sequence.

A sequence in which each term, after the first, is found by multiplying the
previous term by a constant number is called a geometric sequence.

The first term in a geometric sequence is denoted by a.
The constant number, by which each term is multiplied, is called the common ratio and is denoted by r.

Note: r=-1,0,1
Consider the geometric series 3, 6, 12, 24, . ..

a=3 and r=2
Each term, after the first, is found by multiplying the previous term by 2.

Consider the geometric series 27, 9, 3.1 0.
a=27 and r=j%

Each term, after the first, is found by multiplying the previous term by 3

Note: Multiplying by % is the same as dividing by 3.

In a geometric sequence, the common ratio, r, between any two consecutive terms is always the same.

Anyterm ¥,

. = =constant =7.
Previous term 4, ;

If three terms, u,, U ., #,.,, ar€ in geometric sequence, then:

Upiz _ Uns1

U1 u,

General Term of a Geometric Sequence

In a geometric sequence, a is the first term and r is the common ratio.
Thus, in a geometric sequence:

u;=a =4
U,=ar =ar
uy=(arr =ar?

u,=(ar®r=ar® and so on.
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Notice that the power of r is always one less than the term number.
Thus, the general term of a geometric sequence is given by:

Tk n—1
u,=ar

For example, ug=ar’,  u,=ar’.

Note: If u,=pq", where p and g are constants, the sequence is geometric.

Geometric Series

If the sequence u,, Uy, U3, . . ., i, is geometric, then the corresponding series
S,=U;+u,+us+---+u, is a geometric series.

The formula for S, of a geometric series can be written in terms of the first term, a, and the common
ratio, r.

IfS,=u,+u,+us+---+u,ls a geometric series, then:

a(l—r" a(ri—1
SR e e b G020 GRS T
L r—1
Note: In practice it does not matter which form is used.
To derive this result:
S,=a+ar+ar’+. .- +ar"!
rS,= ar+ar’+- - +arlyarn
S,—rS,=a - ar”® (subtract)

(1-nS,=a—ar”
(1-nS,=a(l-r"

S,FM (r#x1)
1-r

Once we find the first term, a, and the common ratio, r, we can answer any question about a geometric
sequence Or series.
If we need to find three unknown consecutive terms in geometric sequence, we let the terms be:

a
—, a, ar.
7
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The nth term of a geometric sequence is u,= (5

(i) Find the first three terms.

Solution:

=

=
1

a

®

=
I

5
]
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=
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Thus, the first three terms are:
2 4 8

39 27

(i) Fiﬁd S5, the sum of the first five terms.

J

__a(l—r")
T o1-r

-3

@ s,

Ss

2,6,18, ..., 1458 is a geometric sequence.

Find: (i) the nth term (ii) the number of

Solution:

i a=2 (given)

u =ar’!
it =3yt

We know that a=2 and r=3.
We need to find 7, the number of terms.

terms in the sequence.

u,=1458
2(3)"1=1458
gn-t=720
3 n—1_ 3 6
n-1=6
n="7
Thus, there are 7 terms in the sequence.

(ii) Given:




ce.

Three terms in geometric sequence are x—3, x, 3x+4, where xe R.

Find two possible values of x.

Solution:

We use the fact that in a geometric sequence, any term divided by the previous term is always a
constant.

Thus, o WL [common ratio]
U n+1 u,
3x+4 x ol
- [put in given values]
(Bx+4)(x~3) = (x)(x) [multiply both sides by (x)(x—3)]
3x2-5x~12=x2
2x2-5x-12=0

2x+3)x-4=0
2x+3=0 or x-4=0

or x=q

| w

X=-

To verify that a sequence is geometric, we must show the following:

n

= constant.
n—1

Note: To show that a sequence is not geometric, it is necessary only to show that the ratio of any two
consecutive terms is not the same. In practice, this usually involves showing that u, + u., = Upy+ 1y
or similar.

Write down the first four terms of the sequence i, = 8(3)’1 and show that the sequence is
geometric. 4

Solution:




3133 D7\t
w=8(7) = 8(&)- 7

3\4 {81 81
“4-8(1) "S(E)“"ﬁ
92781

Thus, the first four terms are 6, e

3\n 3 \n-1
“fg(z) ”n-'"s(a")

U, 8(%)" (%)n (3);:-(;1—1) (3)n—n+1 (3)1 3
= e e P sl ;
Upy 8 7 R (a constant)

1l
—_—
s
—
=
I
-

U n
=@ constant.
u

n—1

Thus, u,1s a geometric sequence.
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(i) In a geometric sequence, the second term is 8 and the fifth term is 64.
Find the first term, @, and the common ratio, r.

(ii) In a geometric sequence, the sum of the first and third terms is 4 and the sum of the
second and fourth terms 1s %0-

Find the first term, a, and the common ratio, r.

Solution:
1] UL =ar
Given: u,=8 | Given: us=64
ar=8 @ ar*=64 @
We now divide @ by @ to eliminate a and find r.

@ + @ gives: Put r=2 into @ or @ to find a:
ar* 64 ar=8 @
a8 a(2)=8

r’=8 2a=8

r=2 a=4

Thus, the first term is ¢ =4 and the common ratio is r="2.

Note: If the index of r is even, we get two values for r, one positive and the other negative.

&
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(i) S,=a+ar+ar’+ar’+---+ar"’!

20
Given: Bytily = Given: u2+u4=%0—
a+ar2—2 ar+ar3-——2—
) )
2
a(1+r2)=-32 @ ar(1+r2)=—29£ @
We now divide @ by @ to eliminate ¢ and find 7.
@ + @ gives: a(l +r2)=—232
2 20
adrels Lty
al+ry =2 aligisss
r=3 L
: 3 Aiom ag
Put r=—into @ or @ to find a. 10,3520
3 ik % 710
9 3
10a =60
(multiply both sides by 9)
a=6

Thus, the first term is @ = 6 and the common ratio is r=1.

In an arithmetic sequence, the sum of the first term and the third term is 15. The first, third and

seventh terms of the arithmetic sequence are the first three terms of a geometric sequence.

(i) Find the first term and the common difference of the arithmetic sequence, where the
common difference is positive.

(ii) Find the first three terms and the common ratio of the geometric sequence.

Solution:
(i) For the arithmetic sequence, u,=a+(n-1)d
u=a us=a+2d u;=a+6d
Given: u;+uz=15
(a)+{a+2d)=15
at+a+2d=15
2a+2d=15 @

s
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Given: U, U, and u, are the first three terms in a geometric sequence.
tho: milly )
il S [common ratio]
Uy U
a+6d a+2d
aw2d:
ala +6d) =(a+2d)(a+2d) [multiply both sides by a(a + 2d)]

a?+6ad=a’+4ad+4d*
6ad =4ad + 4d*

2ad—4d*=0
ad-2d*=0
d{a—2d)=0
d=0 or a-2d=0
d=0 or a=2d
Thus, a=2d @ (we are given d>0)
We now solve between the simultaneous equations @ and @.
2a+2d=15 @ 2d=a @
2a+a=15 (a=2d) 2d=5
3a=15 5
a=5 d=§

(ii) For the geometric sequence:

u,=a+2d=5 +2(;—)=5+5=10

)

u3=a+6d~_-5+6e)=5+ 15=20

Thus. the first three terms of the geometric sequence are 5, 10 and 20 and the common ratio is 2.

Exercise 7.4 w

1. The first three terms of a geometric series are 2+6+18+- - -.
(i) Express, in terms of n: (&) u, b) S,.
(ii) Find: (a) ug and (b) Ss.
2. The first three terms of a geometric series are 64 — 32 +16.
(i) Find, in terms of n: (a) u, b) S,
(ii) Find: (a) u,, and (b) Sy

&
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For each of the following geometric sequences, find u,, the nth term:

3.
6.

9.
10.
11.
12.

8L 10,20, - . 4. 4,12, 36, ... 5 27,18, 12, . ..
50,-20,8, ... 7. 1, 2a, 44, . . . 8. 2, 13,2—2,---

a a a
Verify that the sequence u,=5"is geometric.

Verify that the sequence u,=2(3)"*! is geometric.
Verify that the sequence u,=n?-3 is not geometric.

The sum to n terms of a series is given by 3(2"—1).
(i) Find u,, the nth term. (i) Verify that the series is geometric.

Find, in terms of n, the sum of the first » terms of the geometric series:

13.

16.

17.

18.

19.

6+12+24+ - 14. 6+4+§+--- 15. 63-214+7~- -

Find, in terms of 7, the sum of the first n terms of the geometric series 18 +12+8+- - -
If § =132, find the value of n.

T’
n
If > 27+1=508, find the value of 7.
r=1

A geometric series has 6 terms, a common ratio of 5 and a sum of 1.
Find: (i) the first term (ii) the nth term.

The lengths of the sides of a triangle are in geometric sequence. The length of the shortest side is
4 cm and the perimeter of the triangle is 19 cm. Find the lengths of the other sides.

Each of the following represents the first three terms of a geometric sequence.
In each case find the value(s) of x, xeR:

20.
22,
24.
- 26.

27,

28.

29.

x-2,%x,x+3 21, x-1,2x+1,4x+ 17
4x+36,2x+6,x 23. x-6, 2x, 8x+20
x+1,x+4,3x+2 25, 3x-5,x-1,x-2
x+1,x—1 and 2x -5 are the first three terms of a geometric series.

(i) Find two values for x.
(ii) Write down the first four terms of the two resulting series.

Four terms in geometric sequence are: 6, a, b, 2. Find the values of a and b.

The third term, u, of a geometric sequence is —63. The fourth term, u,, is 189.
Find: (i) the common ratio (i) the first term.
Express, in terms of n:  (iii) u, @iv) S,.

In a geometric series, the fourth term is 12 and the seventh term is 324.
Find: (i) the nth term (ii) §,, the sum of the first seven terms.

&




30. S, =a+ar+ar’+ar’+- - . +ar"!is a geometric series.
u;—u,=5 and u,—uz=6. _

Find the common ratio, r, and the first term, a.

31. A geometric series has a common ratio r.
; a
The first three terms of the series are —: @ and ar.
¥

The product of the three terms is 216 and the sum of the three terms is 21.

Find: (i) the value of a (i) the values of r.
(iii) Write down the first three terms.

32. The product of the first three terms of a geometric series is 27 and the sum of these terms is 13.
Find the first four terms of the series.

33. Three terms, a, b and a + b, are in arithmetic sequence.
Three terms, a, b and ab, are in geometric sequence.
Find the value of @ and the value of b, where a,beRand a, b# 0.

34. p, 10 and ¢ are consecutive terms of an arithmetic sequence.
1, p and g are consecutive terms of a geometric sequence.
Find the value of p and the value of ¢, p, g€ R.

35. The first, fifth and seventeenth terms of an arithmetic series are the first three terms of a geometric
series. The sum of the first four terms of the arithmetic series is 28. Find the common difference of the
arithmetic series and the common ratio of the geometric series.

36. The first, fifth and twenty-first terms of an arithmetic sequence are the first three terms of a geometric
sequence. Find the common ratio of the geometric sequence.

y 37. p, m and g are three consecutive terms of an arithmetic sequence.
p, nand g are three consecutive terms of a geometric sequence, where p, g, 1> 0.
Show that m = n.

Infinite Geometric Series

...................................................

When a series has an infinite number of terms, it is called an infinite series and the sum of the series
is called the sum to infinity of the series.

Let us consider the value of a proper fraction (less than 1) if we keep multiplying it by itself. Take for
example, 1, and keep multiplying it by itself, i.e. (3)", as n increases indefinitely. We can represent this

situation in a table using a calculator.

n 1 2 3 10

" 0.25 0.0625 0.015625 ‘o 0.0000009537

&




From the table we can see that the bigger the value of n, the nearer ()" gets to 0.
(This will happen for any proper fraction, positive or negative.)
We say that the limit of ()", as n approaches infinity, is 0.

Symbolically: lim (proper fraction)”=0

R— 0

n—»c0 means ‘as n approaches infinity’.
lim is short for limit.
In general, for the infinite geometric series:

a+ar+ar’>+ard+---

if r is a proper fraction, then the terms will get closer to zero.
For r to be a proper fraction it must be between —land 1,ie.,-1<r<l.

If-1<r<1
then lim r"=0

R—¥o0

Notes: If r>1 or r<-1, then lim " does not exist.

n—»co

The sum to infinity, S, of a series is denoted by lim §,.

n—ro0

Iflim S, exists, the series is said to be convergent.

h—»c0

If lim S, does not exist, the series is said to be divergent.

n—ro

Let us now develop the general formula for the sum to infinity of a geometric series in which-1<r<1.

_ a(l-r")

-7

S,
The only part of this formula that changes as n increases is .
As, n—, r"—=0, because r is a proper fraction.

_a(1-0)  a
I T R

Se

Sum to infinity of a geometric series

g o g first term
® 1-r 1-common ratio
if—-1<r<1.

Note: —1<r<1 is often written |rl<1.
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(i) Find the sum to infinity of the geometric series: 1+ (-%

(ii) Evaluate Z(
n=0 2

Solution:

o)

This is an infinite geometric series with first term a = 1 and common ratio r= 3

5 = R S g5
»=1-r 1-%2 5-2 3

i) Y(2x+1) (2x5+1)+(2x5+1)2+(2x5+1)3+

This is an infinite geometric series with first term a = 1 and common ratio 7 =

w
o BT
+
ey
(VAN
——

]
4+
o
| 2
S

=
+

1 )", in terms of x, where x> 2.

% 2x+1'
; o= i 1 Bl o 2E]
\ , & Tesr s 2x+1-5 2x-4

TR L S R e

1 S @x-3)"=1+(20-3)+@x=3)2+@x-3)%+- - is a geometric serics.
! | : n=0
1 (i) Find, in terms of x, the sum to infinity.

\ (ii) If the sum to infinity is %, find the value of x.
(i) Find the range of values of x for which the sum to infinity exists.

Solution:
This is an infinite geometric series with first term @ = 1 and common ratio r = (2x —3).

i S,= e (i) Given: S, = e
1 L 38
“1-2x-3) 4-2x 4

L 4=20-10x
T 1-2x+3 10x=16
=_L. 5x=8
4-2x 8
*=3

@
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