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PERMUTATIONS, COMBINATIONS
AND PROBABILITY

Operations

.......................

The result of an operation is called an ‘outcome’.
For example, if we throw a die one possible outcome is 5.
If we throw a die there are 6 possible outcomes: 1, 2, 3, 4, 5 or 6.

Fundamental Principle of Counting 1

Suppose one operation has m possible outcomes and that a second operation has n outcomes.
The number of possible outcomes when performing the first operation followed by the second
operation is m x n.

Performing one operation and another operation means we multiply the number of possible outcomes.

(first operation) AND (second operation)

v v v

m X n
‘And’ is understood to mean ‘multiply’.

Note: We assume that the outcome of one operation does not affect the number of possible outcomes
of the other operation.

The fundamental principle 1 of counting can be extended to three or more operations.
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: (i) If a die is thrown and a coin is tossed, how many different outcomes are possible?
(i) Write out all the possible outcomes.

| Solution:
Die and Coin
| () Represent each operation with an empty box: [ | x [ ]

1. There are 6 possible outcomes for a die: 1, 2, 3, 4, 5 or 6.
, 2. There are 2 possible outcomes for a coin: H or T.

Hence, the number of different outcomes =[6]x[2]=12.
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1o write down one possible outcome above the box.

Note: Tt can help
Die and Coin
One possible outcome: 5 + &

Number of outcomes: 6] x - 12

This ful when trying t0 decide the number of possible outcomes at a particular stage, espe-
C'ltﬂ? G vtc:ry us;:tain choices are restricted. For example, the letter v cannot be in the second place, or
y when c€
the number must be evelt-
Fundamental principle of Counting 2

eration has m possible outcomes and that 2 second operation has n outcomes.

Suppose Oni.;t?er of possible outcomes of the first operation or the second operation is given
Then the nU by m+n.

’ nother operation means we add the number of possible outcomes.
Performing one 0peraion or &

(first operation) OR (second operation)

v v |

m + n
‘Or’ is understood to mean ‘add’.

¢ is not possible for both operations to occur. In other words, there is no overlap

Note: We assume !

of the two operations.

The fundamental pﬁnciple 7 can be extended to three or more operations, as long as none of the oper-
e fun

ations overlap-
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‘the oper-

Example

A bag contains nine discs, numbered from 1 to 9. A disc is drawn from the bag.
If the number is even, then a coin is tossed. If the number is odd, then a die is thrown.

How many outcomes are possible?

Solution:
Break the experiment into two different experiments and work out the number of outcomes
separately. Then add these results.

First experiment Second experiment

even toss a odd throw
and ; 0 and .
[(number) ( coin )] [(number) ( a die )]

v {
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8 +30
= 38

=1
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Permutations (Arrangements)

............................................................

A permutation is an arrangement of a number of objects in a definite order.

Consider the three letters P, Q and R. If these letters are written down in a row, there are six different
possible arrangements:
PQOR or PRQ or QPR or QRP or RPQ or RQP

There is a choice of 3 letters for the first place, then there is a choice of 2 letters for the second place

and there is only 1 choice for the third place.
Thus the three operations can be performed in [3x|2]x[1]= 6 ways.
The boxes are an aid in helping to fill in the number of ways each choice can be made at each position.

In an arrangement, or permutation, the order of the objects chosen is important.

If we have n different objects to arrange, then:
The total number of arrangements = n!
n'=nn-Dn-2)n-3)---x3x2x1

For example, 61=6x5x4x3%x2x1=720

Using a calculator: 6 [=]720
Suppose we have 5 different objects, and we want to find the number of possible arrangements taking
3 objects at a time. We could use the fundamental principle of counting 1, i.e.

1st and 2nd and 3rd
X x = 60
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‘ However, we can also do this type of calculation using factorials.

Sxd4x3Ix2x1 a 51 _ 51
Il 21 (5-3)!

| 5x4x3=
Similarly:
6x3x4x3x2x1 6! 6!
6x5= e e
4x3x2x1 4! (6-2)!
Tx6x5x4x3x2x1 70 7!
Ix2x1 T3 (7-4)!
Notice that in each case the number of arrangements is given by:
(Total number of objects)!
(Total number of objects —number of objects to be arranged)!

Txbx5x4d=

The number of arrangements of # different objects taking r at a time is:

n o n! — iy i P ] —
p’_(n—-r)! =nn—-1)n-2) n—-r+1)

Note: There is an ‘nPr’ button on most calculators.
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How many arrangements can be made of the letters P, O, R, S, T, taking two letters at a time, if
no letter can be repeated?

Solution:

| ! Method 1: (using the fundamental principle 1 of counting)
| i 1st and 2nd

BEL 5] x [4 = 20

i Method 2: (using factorials)

’ We have 5 letters and want to arrange two.

5! 315120
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How many different arrangements can be made from the letters V, W, X, Y, Z, taking all the
letters at a time, if V must be second and Z can never be last?

Solution:

! Represent each choice with a box:

v -h-‘:i':!:‘-u—. e e L.

1st 2nd 3rd 4th 5th
Possible outcome: W Vv Z ¥ X
‘; Number of ways: x x x x [3] = 18
| A
i (most restrictive, must be V') (second most restrictive, cannot use V or Z)

: \ Start with the choice that has most restrictions and choose a possible letter each time.
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In some questions we make use of the following fact:

The number of arrangements in which { Total number The number of arrangements
o an outcome does not occur =\ of arrangements / ~ | in which the outcome does occur

)

A, B, C, D, E and F are six students. In how many ways can they be seated in a row if:
(i) there are no restrictions on the seating;

(i) A and B must sit beside each other;

(iii) A and B must not sit beside each other;

(iv) D, E and F must sit beside each other;

(v) A and F must sit at the end of each row?

Solution:
(i) no restrictions

number of arrangements =[6]x [5]x [4]x[3]x [2]x [1]= 6! =720.
(ii) A and B must sit beside each other

Consider A and B as one person.

A, B],[C} D [E}

The 5 persons can be arranged in 5! ways.
But A and B can be arranged in 2! ways while seated together (i.e. AB or BA).
Thus, the number of arrangements =2!x 5! = 2 x 120=240.

(iii) A and B must not sit beside each other

Number of arrangements with \ _( Total number | _ Number of arrangements
A and B not together of arrangements with A and B together

=720-240=480

(iv) D, E and F must sit beside each other
Consider D, E and F as one person.

The 4 persons can be arranged in 4! ways.
But D, E and F can be arranged in 3! ways while seated together.
Thus, the number of arrangements = 3! x 4! =6 x 24 =144.

~ (v) A and F must sit at the end of each row
Put A and F at the ends and B, C, D and E in between them.

[4}(B. C, D. E} [F]

B, C, D and E can be arranged in 4! ways while seated together.
A and F can exchange places.

Thus, the first and last can be arranged in 2! ways.

Thus, the number of arrangements =2! x 4! = 2x24=48.
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How many different four-digit numbers greater than 6,000 can be formed using the digits 1, 2,
4, 5, 6, 7 if (i) no digit can be repeated; (i) repetitions are allowed?

Solution:

Represent each choice with a box. The number must be greater than 6,000; thus, the first place
can be filled in only 2 ways (with 6 or 7). Fill this in first, then fill the other places. Only use 4
boxes, as our choice is restricted to 4 digits at a time.

(ii) Repetitions are allowed

[2]x[6]x[6]x[6]=432

(i) No digit can be repeated

2)x[3]x[@]x[3]=120

How many different five-digit numbers can be formed from the digits, 1, 2, 3, 4 and 5if:
(i) there are no restrictions on digits and repetitions are allowed;

(ii) the number is odd and no repetitions are allowed;
Bl (iii) the number is even and repetitions are allowed;
(iv) the number is greater than 50,000 and no repetitions are allowed?

Solution:

i

| i

2‘ ‘ Represent each choice with a box.
|

(ii) must be odd and no repetitions

Thus, the last place can be filled in
only 3 ways (1, 3 or 5). Fill this in
first, then fill in the other places.

xxxx=72

; k- (i) no restrictions and repetitions
RRE allowed

[51x[5]x[5]x[5]x[5]=3,125

Thus, the last place can be filled in
only 2 ways (2 or 4). Fill this in first,
then fill in the other places.

[5]x[5]x[5]x[5]x[2]=1,250

: ' }5:.‘:151; (iii) must be even and repetitions allowed (iv) must be greater than 50,000 and no

repetitions

Thus, the first place can be filled in
only 1 way (with 5). Fill this in first,
then fill in the other places.

[1]x[4]x[3]x[2]x[1]=24




Exercise 5.1 w

1.

10.

11.

A game consists of spinning an unbiased, five-sided
spinner which can land on A, B, C, D or E, and throw- Ab

ing an unbiased die. How many different outcomes of ¢
the game are possible? a

A fifth-year student must choose one subject from

each of the following three groups:

Group 1: Music, Technical Graphics, Applied Mathematics or Classical Studies
Group 2: Physics, Chemistry or Biology

Group 3: Economics or Accounting

In how many ways can the student choose the three subjects?

A bag contains five discs, numbered from 1 to 5 inclusive. A disc is drawn from the bag. If the
number is even, then a die is thrown. If the number is odd, then a coin is tossed. How many
outcomes are possible?

A bag contains seven discs, numbered from 1 to 7 inclusive. A disc is drawn at random from
the bag and not replaced. If the number is even, a second disc is drawn from the bag. If the first
number is odd, then a die is thrown. How many outcomes are possible?

. How many different arrangements can be made from the letters P, O, R, S, T, if no letter can be

repeated and taking:
(i) five letters (ii) four letters (iii) three letters (iv) two letters, at a time?

. Ten horses run in a race. In how many ways can the first, second and third places be filled if

there are no dead heats?

How many different arrangements can be made using all the letters of the word DUBLIN?
(i) How many arrangements begin with the letter D?

(ii) How many arrangements begin with B and end in L?

(ifi) How many arrangements begin with a vowel?

(iv) How many arrangements begin and end with a vowel?

(v) How many arrangements end with LIN?

(vi) How many arrangements begin with D and end in LIN?

Taking all the letters of the word ALGEBRA, in how many arrangements are the two As together?

. (i) In how many ways can three girls and two boys be seated in a row of 5 seats?

(ii) In how many ways can this be done if the boys must sit together?
(iii) In how many ways can this be done if the boys must not sit together?

How many arrangements of the letters of the word FORMULAS are possible if:
(i) all letters are used in the arrangement?

(ii) the three vowels must come together in the arrangement?

(iii) the three vowels must not all come together in the arrangement?

Six children are to be seated in a row on a bench.

(i) How many arrangements are possible?

(i) How many arrangements are possible if the youngest child must sit at the left-hand end and
the oldest child must sit at the right-hand end?

If two of the children are twins, in how many ways can the children be arranged if:

(iii) the twins are together (iv) the twins are not together?

@




12.

13.

14.

16.

17.

18.

19.
20.

21.

‘ 23.

15.

il 2.

In how many ways can four letters of the word NUMBER be arranged in a row, if no letter is
repeated?

A permutation lock has four rings which can be rotated about an axle.

There are 10 digits (0, 1,2,...,8,9) on each ring.

If no digit can be repeated and 0 can never be first, find the maximum @ E)Er]
number of such locks that could be manufactured if no two locks

have the same code, and the lock will open only when a certain code of
4 digits is in line (see diagram).

Raffle tickets are printed in three colours, Purple, Green or Yellow. Each ticket contains a letter
followed by two digits (e.g. Purple Q47, Yellow K00). How many different tickets can be printed?

A number-plate is to consist of three letters of the English alphabet

and two digits. If no letter or digit can be repeated and 0 can never BAT 45
be used as the first digit, how many different plates can be manufac-

tured? (an example)

How many different three-digit numbers can be formed using the digits 0, 1, 2, 3, 4 if 0 cannot
be the first digit and:
(i) no digit may be repeated (ii) repetitions are allowed?

How many four-digit numbers can be formed from the digits 1, 2, 3, 5, 6 and 8 if:
(i) there are no restrictions and repetitions are allowed;

(ii) the number is odd and no repetitions are allowed;

(iii) the number is divisible by 5 and repetitions are allowed,

(iv) the number is greater than 5,000, divisible by 5 and no repetitions are allowed?

How many numbers between 2,000 and 4,000 can be made with the digits 1, 2, 3 and 4, if no
digit may be repeated?

How many numbers between 100 and 1,000 use only odd digits, if no digits are repeated?

How many odd numbers between 2,000 and 3,000 can be formed from the digits 1, 2, 3, 4,5 and
6, if:
(i) repetitions are allowed (ii) repetitions are not allowed?

(i) How many different numbers, each with 3 digits or fewer, can be formed from the digits 2,
3, 4, 5, 67 Each digit can be used only once in each number.
(ii) How many of the above numbers are odd?

How many odd numbers between 4,000 and 6,000 can be formed from the digits 3, 4, 5, 6,7
and 8, if no digit can be repeated?

How many different three-digit numbers can be formed using the digits 0 to 9 inclusive, if no digit
can be used more than once and 0 cannot be the first digit?

(i) If one of the digits must be 7, how many different numbers can be formed?

(i) If the digits 2 and 5 cannot be used together, how many different numbers can be formed?
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A combination is a selection of a number of objects in any order.

In making a selection of a number of objects from a given set, only the contents of the group selected

are important, not the order in which the items are selected.

For example, AB and BA represent the same selection.
However, AB and BA represent different arrangements.

Note: What is called a ‘combination lock” should really be called a ‘permutation lock’, as the order

of the digits is essential.

n
The | ] Notation

.....................................

(n) gives the number of ways of choosing r objects from n different objects.
e

Its value can be calculated in two ways:

n n!
1; (r)= ri(n—r)!

2 (n)= nn-1)n-2)...(n—-r+1)

(definition)

' (in practice)
¥ r!

Both give the same result; however, the second is easier to use in practical questions.
For example:
(6) 6! 6! 720

= = = =15
2/ 216-2)! 2141 2x24

2 (6) 65 _» start at 6, go down two terms

2/ 21 — startat2, godown two terms
=15
Notes: 1. (n) is pronounced ‘n-c-r’ or ‘n-choose-r’.

r

2. (g) =1, i.e., there is only one way of choosing no objects out of rn objects.

3. (n) =1, i.e., there is only one way of choosing n objects out of n objects.
h

4. (n) =( " ); use this when r is greater than .
r n-r 2

®
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Explanation for Note 4:
Let’s assume you have 13 soccer players and you can pick only 11 to play.
The number of ways of choosing 11 from 13 is given by (ﬁ)
78

(13)_ 13x12x11x10x9x8xTx6x5x4x3 B

11 11x10x9x8x7x6xIxdx3x2x1

However, every time you choose 11 to play, you choose 2 who cannot play.

13 13y 13x12
Thus (11)-(2 )— 71 =78 (same as before).

Notice that 11 +2=13

Similarly, (20) = (230) as 17+3=20

17

and (19080) = (120) as 98 +2=100

If r is large, your calculator may not be able to do the calculation: thus use (n) = ( & )
rl \n—r

n\ . : :
Note: ( ) is sometimes written as "C, or C,.
r
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Ten people take part in a chess competition. How many games will be played if every person
must play each of the others?

Solution:

We have 10 people to choose from, of whom we want to choose 2 (as 2 people play in each game).
Thus., n=10, r=2.

Number of games = (

(i) In how many ways can a committee of 4 people be chosen from a panel of 10 people?
(i) If a certain person must be on the committee, in how many ways can the committee be chosen?
(iii) If a certain person must not be on the committee, in how many ways can the committee be

10)= 10%x9 _45.
2 2x1

chosen?
Solution:
(i) We have a panel of 10 people to choose from, and we need to choose a committee of 4.
n=10,r=4
10y 10x9x8x7
(4)_ 4x3x2x1 i

Thus, from a panel of 10 people, we can choose 210 different committees of 4 people.

®




(i) One particular person must be on the commuittee.
Thus, we have a panel of 9 people to choose from, and we need to choose 3 (as one person

is already chosen).
n=9r=3
9\ 9x8x7
o
G) 3250 8

Thus, from a panel of 10 people, we can choose 84 different committees of 4 people, if one
particular person of the 10 must be on every committee.

(iii) One particular person must not be on the committee.
Thus, we have a panel of 9 to choose from (as one person cannot be chosen), and we need

to choose 4.
n=9, ]":4
9 Ox8x7x6
(4)‘ R o

Thus from a panel of 10 people, we can choose 126 different committees of 4 people, if
one particular person of the 10 must not be on the committee.
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(1) In how many ways can a group of five be selected from nine people?
(ii) How many groups can be selected if two particular people from the nine cannot be in
the same group?

Solution:

(i) We have nine from whom we want to choose five. Thus, n=9, r=5.

9 =9x8x7x6x5=126
5 Sxd4x3x2x1

;_'.(ii) In order to calculate how many groups of 5 can be selected if two particular people cannot
H be included, we first need to calculate the number of ways of selecting 5 people with these
particular two people always included, i.e. we have 7 from whom we choose 3 (because

two are already selected). Thus n="7, r=3.
g Tx 6x5 _35
5/ 3x2x1
The number of ways of selecting Total number The number of ways of
a group of 5 people from 9 of ways of selecting a group of 5
when two particular people are | = | selecting a group | = people from 9 with
not to be in the same group of 5 from 9 these two particular people
=126~35
=41
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A i In how many ways may 10 people be divided into three groups of 5, 3 and 2 people?

Solution:
The first group of five can be selected in (i_? ) =252 ways.

Once this is done, the second group of 3 can be selected in (5) =10 ways.

The remaining 2 people can now be selected (i) =1 way.

Thus, the total number of ways 10 people can be divided into groups of 5, 3 and 2:

_(10), (5 (*\=252x 10 x 1=2,520
5 )%\3)%\2

P T

Four letters are selected from the word SECTI ONAL.
(i) How many different selections are possible?
(ii) How many of these selections contain at least one vowel?

! - ' Solution:

(i) We have 9 different letters to choose from and we need to select 4,

J n=9,r=4
i | 9\ 9x8x7x6
(4)" Ty ke

(i) Split the word SECTIONAL up into vowels and consonants.
The four vowels are E, I, O, A and the five consonants are SC: T-N, L.
‘At least one vowel’ means one vowel, two vowels, three vowels or four vowels.
It is easier to calculate the number of selections containing no vowels (i.e., four consonants),
and subtract this from the number of ways of selecting four letters without any restrictions.

Number of selections containing no vowels

"
— Number of selections containing four consonants = > = M =5.
4/ 4x3x2x1

(There are five consonants, and we want to select four, thus n=35 and r=4.)
In every other selection there must be at least one vowel.
Thus, the number of selections containing at least one vowel

= (total number of selections) — (number of selections containing no vowels)
=126-5
=121

Sometimes we have to deal with problems where objects are chosen from two different groups.
This involves choosing a number of objects from one group AND then choosing a number of objects
from the other group.

Notes: There are two key words when applying the fundamental principle of counting:
1. ‘And’ is understood to mean ‘multiply’. Thus, and=x .
2. ‘Or’ is understood to mean ‘add’. Thus, or=+.




Example -

How many different basketball teams, each consisting of 3 boys and 2 girls, can be formed
from 7 boys and 5 girls?

Solution:

We have 7 boys and 5 girls. These are the upper numbers in the combination bracket.

A team must consist of 5 players.

We need to choose ‘3 boys and 2 girls’. These are the lower numbers in the combination
bracket.

Number of ways of choosing 3 boys from 7 boys = (;) =35

Number of ways of choosing 2 girls from 5 girls = (g) =10

the number of basketball teams consisting of 3 boys and 2 girls =35 x 10 = 350.

MR s i s B s s
There are 5 women and 4 men in a club. A team of four has to be chosen. How many different

teams can be chosen if there must be either exactly one woman or exactly two women on the

team?
Solution:
3 And =x Or=+
: _':_)’ . A
ns. We have 5 women and 4 men and these are always the upper numbers in the combination
bracket.

A team must consist of 4 people.

Thus, exactly one woman on the team means ‘1 woman and 3 men’;

and exactly two women on the team means ‘2 women and 2 men’.

Thus, we need to choose ‘1 woman and 3 men’ or ‘2 women and 2 men’.
- Let W stand for women and let M stand for men.

1W and 3M or 2W and 2M (lower numbers in each case)
o4l 4 1 31
W6 - G0
1 3 2 2
& 5 x 4 + 10 x 6
20+60
= 80

- Thus, 80 teams can have either one woman or two women on the team.

&
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How many bundles of 5 different books can be made from 8 Maths books and 6
Physics books, if the number of Maths books must always be greater than the number of

Physics books?

Solution:
We have 8 Maths books and 6 Physics books and these are always the upper numbers in the

combination bracket.
A bundle must consist of 5 books. We need to have more Maths books than Physics books.

Therefore, we need to choose:
(5 Maths and 0 Physics books) or (4 Maths and 1 Physics books) or (3 Maths and 2 Physics books).

Let M stand for a Maths book and P stand for a Physics book.

Possibilities:
5M and OP or 4M and 1P or 3M and 2P (lower numbers in each case)
! ; Jipeapmats SR TR g - d

+
27

IR

=56+420+ 840
=1,316

T R

i
i
|
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| Exercise 5.2 =
Calculate:

N T I ( B

7. In how many ways can a committee of 4 people be chosen from 7 people?

‘(o)

8. There are 15 pupils in a class. How many teams of 11 can be selected from the class? If one per-
son in the class is made captain and must always be included in each team, how many teams can
now be selected? If 2 pupils in the class refuse to play, how many teams can now be selected, if
the captain must still be on every team?

9. Tn how many ways can a party of 6 children be chosen from a group of 10 children if:
(i) any child may be selected?

1 ; (ii) the oldest child must not be selected?

! 3 (iii) the youngest child must be selected?

i (iv) the youngest and the oldest must both be selected?

'% ‘ 10. A fifth-year student has to choose 4 subjects from the following list: Accounting, Biology,
: Chemistry, Physics, French, Applied Maths and Classical Studies.

(i) How many different choices are possible?

(ii) How many choices include French?

(iii) How many choices do not include French?

(iv) How many choices include Accounting and Biology?

(v) How many choices include Applied Maths but not Chemistry?

&
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130
27

If one per-
Y teams can
e selected, if

Y

g, Biology,

11.

12.

13
14.
15.

16.

17.

18.

19,

20.

21.

22,

23,

Three delegates to form a committee are to be selected from eight members of a club.
How many different committees can be formed if:

(i) there are no restrictions?

(ii) a certain member must be on each committee?

(iif) two particular members cannot both be on the committee?

Twelve distinct points are taken on the circumference of a circle (as shown). /’\\
(i) (a) Calculate the number of different chords that can be
formed using these points as end points.
(b) How many different triangles can be formed using these
points as vertices? o
(ii) (a) Calculate the number of different quadrilaterals that can be formed i
using these points as vertices.
(b) Two of the ten points are labelled x and y respectively. How many of the above quadri-
laterals have x and y as vertices?
(¢) How many of the quadrilaterals do not have x and y as vertices?

LS

From a set of six different coins, in how many ways can four or more coins be selected?
Tn how many ways can 12 different objects be divided into groups of 6, 4 and 27

5 Trishmen, 3 Frenchmen and 4 Germans are available for selection to a European committee of
4. If each nation has to be represented on each committee, in how many ways can the committee
be selected?

(i) Find the number of different selections of 4 letters that can be made from the letters of the
word SPHERICAL.

(ii) How many of these selections do not contain a vowel?

(iii) How many of these selections contain at least one vowel?

Find the number of different selections of 5 letters that can be made from the letters of the word
CHEMISTRY.
How many of these selections contain at least one vowel?

A team of 6 players is to be chosen from a group of 10 players. One of the 6 is then to be elected
as captain and another as vice-captain. In how many ways can this be done? (Hint: Select and then
arrange.)

In how many ways can a committee of 7 people be selected from 4 men and 6 women, if the
committee must have at least 4 women on it?

A committee of six is to be formed from eight students and five teachers. How many different
committees can be formed if there are to be more teachers than students?

An examination consists of ten questions, four in section A and the remainder in section B. A
candidate must attempt 5 questions, at least two of which must be from each section.
In how many different ways may the candidate select the five questions?

In how many ways can a committee of six be selected from five men and four women, if each
committee consists of:

(i) an equal number of men and women?

(ii) at least three men?

A team of 5 players is to be chosen from 6 boys and 5 girls. If there must be more boys than girls,
how many different teams can be formed?
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24. A group consists of 5 men and 7 women. A committee of 4 must be chosen from the group. How
many committees can be chosen in which there are an odd number of men?

25. A club has only 5 women and 4 men as members. A team of 3 is to be chosen
to represent the club. In how many ways can this be done if:
(i) there are no restrictions?
(ii) the club captain must be on the team?
(iii) there must be at least one woman on the team?
(iv) there must be more women than men on the team?

Probability

......................

Probability involves the study of the laws of chance. It is a measure of the chance, or likelihood, of
something happening.

toss coins throw dice spin a spinner draw a card

If you carry out an operation, or experiment, using coins, dice, spinners or cards, then each toss, throw,
spin or draw is called a trial.

The possible things that can happen from a trial are called outcomes. The outcomes of interest are
called an event. In other words, an event is the set of successful outcomes.

For example, if you throw a die and you are interested in the probability of an even number, then the
event is 2, 4, 6, the successful outcomes.

If E is an event, then P(E) stands for the probability that the event occurs.

P(E) is read ‘the probability of E’.

Definition

The measure of the probability of an event, E, is given by:

number of successful outcomes

P(E) = :
number of possible outcomes

The probability of an event is a number between 0 and 1, including 0 and 1.

0<P(E)<1

The value of P(E) can be given as a fraction, decimal or percentage.

Note: P(E)=0 means that an event is impossible.
P(E) =1 means that an event is certain.
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The set of all possible outcomes is called the ‘sample space’.
For example, the sample space for a normal die is 1, 2, 3,4, 5 and 6.

Probability of an Event not Happening

If E is any event, then ‘not E” is the event that E does not occur. Clearly E and ‘not E’ cannot occur at
the same time. Either E or not E must occur. Thus, we have the following relationship between the
probabilities of E and not E:

Notes: 1.
2
3.

P(E) + P(mot E) = 1
or
P(not E)=1-P(E)

It is very important not to count an outcome twice in an event when calculating probabilities.
In questions on probability, objects which are identical are treated as different.

The phrase ‘drawn at random’ means each object is equally likely to be picked.
‘Unbiased’ means ‘fair’. ‘Biased’ means ‘unfair’ in some way.

(i) red

Solution:
There are 8 +3 + 13 =24 discs in the bag.

(i) P(red disc) =
(i) P(blue disc) = o

(iii) P(yellow disc) =

(iv) We are certain that the disc selected is yellow or not yellow.
P(yellow disc) + P(not a yellow disc) =1

f Alternatively:
~ P(not a yellow disc) =

- (number of non-yellow discs =number of red discs + number of blue discs=8+3=11)

A bag contains 8 red, 3 blue and 13 yellow discs. A disc is selected at random from the bag.
What is the probability that the disc selected is:

(ii) blue (iii) yellow (iv) not yellow?

number of red discs i 1
total number of discs 24 3

number of blue discs 3 1

total number of discs 24 8

number of yellow discs _ 13
total number of discs 24

P(not a yellow disc) = 1 — P(yellow disc)
132 1

=1~ Al I
W 24

number of non-yellow discs 11
total number of discs 24

A pack of cards consists of 52 cards divided into four suits: Clubs (black), Diamonds (red), Hearts
(red) and Spades (black). Each suit consists of 13 cards bearing the following values: 2, 3, 4, 5, 6, 7,
8,9, 10, Jack, Queen, King and Ace. The Jack, Queen and King are called ‘picture cards’. So the total
number of outcomes if one card is picked is 52.

&
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A card is drawn at random from a normal pack of 52 playing cards.
What is the probability that the card will be:
(i) an ace (ii) a spade (iii) black (iv) odd-numbered?

Solution:

number of aces 4 1
i P | = ——— = —
@ el number of cards 52 13

number of spades 13 1
il P 5 d = = —_—=—
Gl),. Eepine number of cards 5 4

number of black cards 26 1
i k d — = e—— O —
(i), F(black card) number of cards 52002

(iv) Each suit has four odd numbers, 3, 5, 7 and 9. There are four suits.
Therefore, there are 16 cards with an odd number.

number of cards with an odd number _ 16

Ploddaymbared el number of cards 5 13

Conditional Probability

With conditional probability we are given some prior knowledge, or some extra condition, about the
outcome. This usually reduces the size of the sample space. Consider parts (iv) and (v) of the next
example.

it R R TS VT

In a class, there are 21 boys and 15 girls. Three boys wear glasses and five girls wear glasses.
A pupil is picked at random from the class.

(i) What is the probability that the pupil is a boy?

(i) What is the probability that the pupil wears glasses?

(iii) What is the probability that the pupil is a boy who wears glasses?

A girl is picked at random from the class.
(iv) What is the probability that she wears glasses?

A pupil wearing glasses is picked at random from the class.
(v) What is the probability that it is a boy?

Solution: ; - 1
o s T Boy | Girl | Total |
t is good practice to represent the 1 ormation
in a table (including the totals for each column Does not wear glasses| 18 10 28
and row). Wears glasses 3 5 8
Total 21 15 36 _|

There are 21 + 15 =36 pupils in the class.

@) Pboy)= number of boys 2 l

number of pupils in the class 36 pRi

&
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Total

number of pupils who wear glasses _ 8
number of pupils in the class - 36

(i) P(pupil wears glasses) =

number of boys who wear glasses 3 1
i) P(boy who wears glasses) = A S
L sae ) number of pupils in the class 36 12

The next two questions require the use of conditional probability, where the size of the sample
space has been reduced.

(iv) We are certain that the pupil picked is a girl. There are 15 girls in the class.
5 of these wear glasses.

P(when a girl is picked she wears glasses)

_ number of girls in the class who wear glasges By, 1

number of girls in the class 155 3

(v) We are certain that the pupil picked wears glasses. There are 8 pupils who wear glasses.
3 of these pupils are boys.

P(when a pupil who wears glasses is picked, the pupil is a boy)

number of boys in the class who wear glasses 3

~ Tumber of pupils in the class who wear glasses B

Combining Two Events

There are many situations where we have to consider two outcomes. In these situations all the possible
outcomes, the sample space, can be listed in a sample space diagram (often called a ‘two-way table’).

Example -

Two dice, one red and the other blue, are thrown. What is the probability of getting two equal
scores or of the scores adding up to 10?

Solution:

sample space diagram

36 possible outcomes (6 x 6)

The dots indicate where the two
scores are equal and/or they add
up to 10.

There are 8 dots.

P(two equal scores or a total of 10)= —3?6— = -3-

Note: (5, 5) is not counted twice.
8

Note: Be careful if after the first selection there is no replacement, as in the next example.

®




Of five balls in a bag, one bears the number 1, another the number 3, two others the number 4
and one the number 6. Two balls are drawn together. If an outcome 18 the product of the
numbers on the two balls, write out the probability for each of the possible outcomes.

Solution:
Note: ‘Product’ means ‘multiply’.
Picking two numbers at a time is the same as picking one after another without replacement.

sample space diagram

@ 6 | 18| 24| 24
@] 4]12)16 24
;‘% @| 4 | 12 16 | 24
12;_@_ 3 2] 12|18
:,- 2l @ 3| 4l4a)|6
7 0| 6|@ 0|6]
first selection

=

-

The shaded regions indicate that you cannot pick the same ball twice.

From the diagram:

R ] 21
== — Pdy=—=— P == —
BO)= 5 1 GlteTin (0 =56 770
e a e 2
Pyt PG ey Pl
ST AG=50  10 U8)=p 10
P(24)=-24—0=%

| Exercise 5.3 =

1. A box contains 36 coloured balls. 12 are red, 15 are blue, 3 are yellow and the rest are white.
One ball is selected at random from the box. Calculate the probability of selecting a:
(i) red ball (ii) blue ball (iii) yellow ball (iv) white ball.

2. A fair spinner has eight sides as shown.

The sides are labelled A, B, B, C, C, C,CandF. >
The spinner is spun once. ﬁ
What is the probability that the spinner lands on: |‘

i A (i) B (iii) C?

e A T T
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