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INTEGRATION

The Indefinite Integral

e s

Integration is the reverse process of differentiation.

The process of finding a function from its derivative is called ‘integration’.
For example, we know that if f(x) = x*, then f'(x) = 2x.
Now suppose that we are given f'(x) = 2x and asked to find f(x). In other words, we start with the ¢
il ative and work ‘backwards’ to the original function.
| However, if f(x) = x2 + 10, f'(x) = 2x and if f(x) = x> - 3, f'(x) = 2x.
i In fact, if f(x) = x> + ¢, then f'(x) = 2x, where c is a constant.
In other words, we do not know whether the original function contained a constant term or not.
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! i The symbol for integration is J, an elongated s.
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dx indicates that the integration is with respect to the variable x.
¢ is called the ‘constant of integration’.

Note: J?.x dx is read as ‘the integral of 2x dx’ or ‘the integral of 2x with respect to x’.

+1+c (n+-1)

. X
Basic rule: Jx" dx =
n

In words: Increase the power by 1 and divide by the new power.
n+l

If a is a constant, Jax” dx= aJx" dx=a
n+1

+c, (n+-1).

A constant factor of the integrand can be taken outside the symbol of integration.

[0 2 g0 ax= [ ) 0 = [0 ax
To integrate a sum or difference, add or subtract the individual integrals.

Note: Before integrating, all terms must be written in the form x” or ax”, where a is a constant.
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There is no ‘product’, ‘quotient’ or ‘chain’ rule in integration.
It is possible to check your answer in integration by differentiating your answer and seeing whether
you get back to the original integral.

Fanple —
Find: (i) J 3x?dx (i) J - dx (i) J
. x3 ‘\/_
] Solution: : : f/
) J 3% dx Gi) j —dx (i) J —dx
_ x Vx
i i 3x3+c _Jx—B dx -1/2
t with the deriv- 73 =J x iy
=x}+c e 12
ik =Se
1 i
] T not. =——d407
g ° Zx? =2 +corx+c
i

Sometimes it is necessary to manipulate the integrand to write each part in the form ax”.

Example
1 2
Find: @) J(ﬂ—) dr (i) J S AY
¥ Vx
Solution
2 \ 3
(i) J(HE) e (ii) J ( ”)
R
1 a+b a b
2 =J(x2+2+—2)d.x J A
* X G (SN ¢
=J.(xz+2+x“2)dx =I(3x 2 +x1%) dx
3 -1 12 L3
; —x—+2x+£~+c =3xT+xT+C
£ 3 -1 2 2
=31-x3+2x_1+c =6x1/2+2x3"2+c
‘{_ X

Mstant.
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Sometimes if we are given some extra information, we may be asked to find the constant of integra
or an expression for f(x).
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(i) Find the constant of integration, given that J(?,xz +1)dx=6 whenx=2.

(i) Find the function y =f(x), given that f'(x) =5~ 2x and that the graph of y =f(x) passe

(2)3+@2)+c=6

Given; this 1s =6 when x = 2.

Given: f(1)=7 (ory=7 whenx=1
5()-(1)2+c=7

through the point (1, 7).
Solution:
(l) J(3x2 it 1) dx (ii) Given:f*(x) =5-2x
[ roax=[s-29 a0

i 3x?
i G (integrate both sides with respect to x)
=x’+x+c¢ fo=5x-x*+c
|

8+2+c=6 S5-1+c=7
10+c=6 44c=7
] c=-4 c=3

Thus, the constant of integration is —4.

Thus, f(x) = 3 + 5x — x*

| Exercise 14.1 -

Find:
1. | ¥*dx 2 Jx"dx 3. | 5x*dx 4. J—xdx 5. J—Q,xzd
r [ 1 2
6. | 5dx 7 J—de 8. | dx 9. J\f;dx 10. J—dx

¥ Vx
, : r
11. [(3x%+8x) dx 12, {{x%42x) dx 13. |(2x%-5%) ¢
~ 1 [ 2 1
9., b B e - e
14. ( xz)dx 15. (4x xs)dx 16. ‘(\jJ—C-i- \E)c
17. |x(2 +x)dx 18. |x%(x+5) dx 19. |Vx(x+1d
([x2+3 [fx+1 ({3x*-5
! dx . s
20 .(xz) 21.(x3)dx 22~( 7 )d
r 4_2x3 2 r 12 r 2
23, (f—i’i)dx 24. ( ——) dx 25, (x2+1) d
x J X J x
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26. If f'(x) = 3x% — 2x, and £(2) = 9, find (x).
27. If £(x) = 3x2 - \x and £(0) = 4, find £(x).
28. If () = 4¢° — 6t and f(-2) = 8, find f(1).

29. A curve contains the point (3, 3) and its slope at any point (x, y) on the curve is given by
F'(x) = 16x% + 2x + 1. Find f(x).

30. A curve contains the point (1, 7) and its slope at any point (x, y) on the curve is given by

% =3x? + 4, Find the equation of the curve.

The Definite Integral

Erres AN A

..................................

b
[ 1o ax=[fo] - 1) -t

b

We call J f'(x) dx a definite integral, as it gives a definite answer.
a

The dx indicates that the limits a and b are x limits.

The constant a is called the lower limit of the integral.

The constant b is called upper limit of the integral.

The is no constant of integration when we evaluate definite integrals, as they cancel each other out.

Ef’(x) dx= ~—Ef'(x> dx

If the limits are swopped, the sign of the definite integral is changed.
~ Definite integrals can be used to find the area beneath a curve and volumes of rotation.
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3 4 3 2
Evaluate: (i) [ (P+2x)dx (i) j (\l}—;) dx
1 1
Solution:
: 03 rd 3)\2 4 6 9
i i x2+2x) dx ii e dxzj x=—+—| dx
{ ) .1( ) 4 I 3 A b
L : —x3 9 3 o4
| s = gﬂf =| (x-6x2+9x?) dx
' 1 b
; [(3)3 1)3 o 12 -134
1A 2 9+(3)Z}—[ﬂ+(1f] Jeiles
RiL £5 3 e B
Rl ~[g+91-G+1] e oy
=18-3 R oy ;
ol e o e
=|—= — == 12N ——
2 2 4} [2 ll
=[8-24-241-[3 -12-9]
=—18%+20%ﬂ2‘%
rExercise 14.2 :'
g Evaluate each of the following definite integrals:
r2 2 ) a4
1. | 3x%dx 2. | 4x’dx 3, | £ dx 4. | Vxdx
J1 J0 J1 41
o4 3 ) 31
5. | (4x-x?) dx 6. | x(2-3x)dx 7. | x(x+4)dx 8 | Hdx
Jo J1 J2 Ja X
rt1 411 ¥ 3 4 1
9. —dx 10. —+3|dx 11. 1-—\|dx 12. 3 —=\|d>
[ (- =Ll
2 1\ 16 4 12 42 4 3 _ 2y
13, | (x+-|ax . 2 5. | 2 ax 16 [ 222y
J1 X 1 Vx 1 X J x
4x* -9 1 24x2-9
17. Express in the form — (ax + b) and, hence, evaluate] dx.
4x -6 a o d4x-6
x3 - Pxd -
18. Express ) in the form x* + px + g and, hence, evaluate[ 5 dx.
— 5 T




X

In each of the following find the value of £ > 0:

k k 9
19. [ x2dx=9 20. J(2x+3) dx=6 21. J jc—dx=30
0 1 0 '\/;

4+k
22. Verify that J (x-4)dx=0

4k

Integration by Substitution

Some integrals may be found more easily by using substitution. When ev
by substitution the answer must be transformed back to a function of

aluating an indefinite integral
the original variable.

Example ~

Find: (i) J 2P+ )%y (i) Jx\n'l ~x*dx

Solution:
e e
@ J2x(x2+1)4dx . (if) JX\/I_—?dx ey
R "
Substitution ' Substitution il
2 '%’f: ?ﬁ KJX’ %
let w=z*+1 Vs let u=1-x2 ét,j = =0
du=2x dx dv = 2ce s ovay (T(
] ok
sz(x%l)‘*djf- 2
J 1-x*dx
=J u*du
u5 -..——%Jul/zdu
T w2
@21y ==3: ¢
= 3 +C 2
=-1.230,,
=—w¥4c
=—3(1-x)¥4 ¢
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Sometimes we have to rearrange as well as substitute.

Farvic < R T SRR

3

X
Evaluate: -[ dx
2 Vx—1
Solution:
X
[ 1 ds Substitution
x P
u+1 letu=x-1
i 12 We must also do some
wrlligies e rearranging
2 : u=x-1
= 2302 4 12 u+l=x
= [ n¥2+26- 17
3
J xx : dx (23/2=21 : 21;'2=2:\[§)
PNE

[~ 1)+ 26~ )7

“”&

=[5+ 220~ 31 - P+ 201 - D?]= 322 + 22 = 242G + =22 A

However, rather than remain with the limits for x, which necessitates expressing the integral in

t f x, we may ch the limits to th fu. Sl
erms of x, w y change the o those of u Chiinesof linits

S
J \(-_ldx u=x-1
u+1 x=3 x=1
1/2 u=3-1 u=1-1
u=2 u=0

[2 3/2 +2u1"2]
-

17+ 220~ [} + 20017 = 32V2) +2002) = 223 + 1) =22 - § = i%@

To change the limits to those of u, or not, is a matter of personal choice. However, it often turns th
the substitution is easier when the limits are changed to those of u.

Choosing the substitution is a skill most students take a long time to master. However, do not be afra;
to try a substitution. If you use a wrong one, you will soon find out. So go back to the start and try
different substitution.




Lbe afraid
tand try a

| Exercise 14.3 ~

Find the following integrals, in each case using the suggested substitution:

1. J(x+ 15 (H=x+1) 2 JZx(x2—4)3dx (u=x*-4)
3. J4x(2x2 -3)*dx (1= 2x%-3) 4. J3x2(x +1)° dx (u=x*+1)
5. J'V4x+3 dx (u=4x+3) 6. J2x\/x +5dx (u=x%+5)
2
2
7. Jx\ixz—de (u=x*-3) 8. J Sl ———pdx (u=x+2x)
(x? +2x)
x
9. szVx3~2dx (=™ 2y 10. J u=x-73)
Vi — 3 (
Find each of the following:
5 2 X 4x
11. Jx(x + 1) dx 12 J e dx 13. J———(l oy dx
14. I x(x +3) dx 1. J x(x—2)* dx 16 J L dx
x+4
Evaluate each of the following:
: 2, 143 ? 53 3 X
17. J1 2x(x*+1)° dx 18. L x(x°+1)° dx 19. L m
1 V14 V6 2%
20. J x(1+x%° dx 21. J xVx?-5dx 22. J dx
0 ( ) 3 1 \‘)Cz-f- 3
® N Y-S 7 L
23. Verify that i) J xN25 - x2dx=% (ii) J dx=1
¥ ( 3 ’ o Vx?+1

.......................................................

...................

I cos(nx + k) dx =

Isin(nx+k) dx=-

sin(nx + k) W

cos(nx +k)
n

+C

- These integrals can be written down directly without substitution.

Note: When integrating the angle must be in radians.

&
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Solution:
sin 3x

+C

(i) [ cos 3xdx=

cos(5x+2)
o Frme e Fes e +

G [ singsv+2) dx=-2C

- - “"H-‘Wu.h-—-—:w.—_—_A » »

J 4

i (i) [cos 20 + sin(46 5

U cos|46 - —
Byt n)} sin 26 ( 2)
' do=

b ‘
L PR e

! Find: () Jcos wde (i) Jsin(5x+2)dx (iii) Heos 29+sin(46—-‘g—)} de

]
ﬁ ¢l Products [ sin mx . cos nx

product into a sum or difference.

S SN PN A AR R T (O AT e )

/6

f Evaluate: J cos 26 sin 40 do
§s 0
' Solution:
r/6
cos 26 sin 46 d6
o ..0,,/5
=| sin4@cos26d@ [putbigger angle first]
Jo
/6
= | 4lsin(46+26) + sin(46 - 26)| do
Jo

1 /6
=—J (sin 68 + sin 20) do
21

S| { cos 68 cos 29]"/6
6 2 3
[cos 66 cos 29]”"6

L +
R e il

cos
cos 5 3 (cos 0 cos O)
2

- +
2\ 6 6 2

== 2l-5+0 -G+
1

(from page 9, sin A cos B = i[sin(A + B) + sin(4 - 8])

Always write the bigger angle first and then use the formulae on page 9 of the tables to change

o R
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Even powers of cos x and sin x

To integrate even powers of cos x and sin x, rewrite the integrand using the double angle identities on
page 9 of the tables. Find:

cos? A = 1(1 +cos 24)

and

sin®A =

(1 -cos 24)

ot S

/4
Evaluvate: (i) J sin?xdx (i) J
0

Solution:

mid
(i) J sin? x dx
/4
=J 3(1-cos 2x) dx

J (1 —-cos 2x) dx
0

sin 2x}”’4

T

/4
2 cos240 de
/8

/4
L,IB

.

aj4
(ii) J 2 cos? 46 d@
/4
/8

0+

- 3(1 +cos 86) d@

(1-cos 86)do

sin 89}"’4

/8

=

e

= 0])

} L

[' |
e
25

“ali-

N

ool 8

u.ﬂ.’
g

LExercise 144 -
1. | cos 2x dx
4. | sin(2x+ 3) dx

(cos 40 — sin 28) d&

T
J
10. | 2 cos 6x sinx dx
r
13. | cos?xdx
16. | cos?56 de

11.

14.

sin 4x dx

[
cos(5x+4) dx

Sj(cos 26 - sin 89) d@
sin 3x sin 5x dx

.
2 sin” 26 d6

&

3. 3 J cos 3x dx
- "
6. | sm(Sx - Z) dx

9. [23in4x0052xdx

12. cos 2x cos 3x dx

15. J4 sin® 3x dx
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Integration of ExPonentlal Functions

1 Evaluate each of the following:
E' ) ra/d wf2 4 "
| 17. cos 6 do 18. J cos 2x dx 19. 3 J sin 4x dx
{ Jo 0 0
rt/2 /6 /4
i 20. cos 3x cos 2x dx 21. J cos 2x sin 4x dx 2% J cos? x dx
i Jo 0 0
; } l p /6 4
4 i 23. | cos?3xdx 24. 2[ 2sin 46 do
:‘ b 1 i /0 7/8
¥ E ; ' For integrals of the formJ cos” x sinxdx,[ sin® x cos x dx orJ cos” x sin x dx:
B
: LU the substitution required is let u = (trigonometric function with the even power).
R nf2 2
i i by | 25. Evaluate: (i) J cos?xsinxdx  (ii) J cos 8(2 + 3 sin? §) do
R 0 0
' j? 3 | i e
5 ‘;_‘ @ 26. FindJ sin? x cos x dx. Hence, or otherwise, evaluate J cos? x dx.
e 0
i i! i (Hint: Let cos® x = cos? x cos x = (1 — sin? x)cos x.)

a

fii e ax+bh

]
e*dx=—+c  or| e™Pdx= +c
! a

]

i These integrals can be written down directly without substitution.
e However, if the power of e is not ax or ax + b, we use the method of substitution.

The substitution is: let u = (power of e)

i R .

1
(i) Find Je“H dx (i) EvaluateJ 4xe* dx
0

Solution:

@ J "2 dr =2

4x-3

+C

1
(i) J 4xe™ dx
0 Substitution

J4xe dx= ZIe du u=x*  (powerofe)
o du=2xdx
o 2du=4xdx

Ll 4er"2 dx = 2[e"2]:) . Z[e‘ - eo] =2(e-1)

@




sin 4x dx

os?xdx

19, Evaluate J

" 20. EvaluateJ

1
Evaluate: J (x +2)e e+ dy,
0

Solution:

J(x +2)e ) dy

= J(x +2)eV ¥ dy

Je“ du

-2
et = %e.x +4x

1
S

Il
o

1
J (x+2)ex"+-1x dx= 21(312+4x]; 5 %(65 b eﬂ) = %(65 =13
0

EGLIRR i ik gt o o

Substitution

u=x%+4x
du=(2x+4) dx
ldu=(x+2)dx

Ij’xercise 145 -
Find:

1. Je3xdx 2. [e?‘”:’ dx
5. J eilx dx 6. 2Je""2 dx

9. J3x2e"3dx 10. J(2x+3)e"2+3xdx

- Evaluate each of the following:

1 1

12. J. e dx 13. J e gp
0 -1
1 2 2%

15. J 2xe”! dx 16. J 2
0 0 e

/2

- 18. Evaluate J cosx e™* dx. (Hint: let u = sin x)

0

—

dr. (Hint:letu=1+e%

e
Vx e"f‘; 1
21. Evaluate J —dx. (H'mt: —_—=— e\’;)

3. Je"‘xdx

7 J(ez’”+e")dx

11. J(l +Cos X)e* =T dy

2
14. J g iy
0

3
17. J (x— e *2 dx

2
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These integrals can be written down directly without substitution.
However, in many cases we have to use the method of substitution and often, after the substit

there is also some rearranging to do.

\ The substitution is: let u = (the bottom). ‘1

Notes: nidx=J51dx=5Jldx=51nx+c
] x X *
dx 1
—=J_dx=lnx+c
] x x
[ f'(x)
——=Inf(x)+c
| o =

If the top is the derivative of the bottom, then the answer is In (bottom) + ¢,

=In (bottom) + ¢

. J derivative of the bottom
1.8,
bottom

This can also be written down directly without substitution.

e T
Find: (i)J—B—d.x (ii) [ it
: Sr¢2 ; X3
Solution:
P 1 2x
i dx= i dx
welae 3]5x+26x 2 Jx2+3
Substitution Substitution
u = 5% + 2 (bottom) u = x* + 3 (bottom)
du=35dx du=2xdx
ldu=dx
Fets
1 Lt x2+3
3Is;urzd"“?’ sjud“ 1
=%1I1u+c. : =J;du
=iln(5x+2)+c =Inu+tc
L =In(x2+3)+c

&
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Evaluate: J—wdx
G X+2
Solution:
Substitution
x -2
J dx=J du
x+2 u u=x+2
2 du=dx
=I 1_; du We must also do some rearranging
1 u=x+2
=J(1-2—)du u-2=x
U
=u-2lnu
=(x+2)~2In(x+2)
J & de=[6+2)-2In @+ )
b X+2 0
=(4-2In4)-(2-21n2)
=4-2In4-2+2In2
=2-2(ln4-1n2)
=2-2In($H=2-2In2
| Exercise 14.6 =
Find:
1 3 1
| — 2 i
1 Jx+2dx Jx—de < JZxdx J4x+5
¥ 8 2 X
5. ; dx 7 d
Ix2+1dx 6J4x+3 Jl—Zx * & J1+x2dx
Evaluate each of the following:
21 4 5 2 .2 4 _
9, J 2 dx 10.J > _dx i, J LM 12, j _Fo
1 X g x+1 1 X7 +1 3 x°=6x+ 10
F | a 5
13, J dx=3+1nb, a, b € N. Evaluate Va?+ 3b + 1.
I x
6 4 3
14. Evaluate: (i) L ;w%dx (i) L fo dx (i) L ﬁ
¢ ]
15. Evaluate: (i) In Ve (ii) J —dx
X

&
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of x%is 1.

— and
a-—X
=sin'—+¢
a
and
Loy
=—tan"l—+c
a a

Find: @ J

Solution:

dx

6= as

(i) j

These integrals are on page 41 of the tables and can be written down directly as long a

o | i @ | &
V16 — x* 9+x*
| |7
T a2kt )32 4x
=SiI1—1£+f' =1tan'1 - o
s e i
RS
When the coefficient of x2isnot 1 weuse a substitution. If we use u as the ne

Example -

1/4 dx

Evaluate: (i) J ﬁ
0 —_—

our substitution so that the coefficient of u?is 1.

s the coefficient

w variable, we arrange
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Solution:
0 J dx _J dx - (i) J dx _J dx
1+4 | 12— (222 4+9x2 | 22+(3x)?
Substitution Substitution
u=12x u=3x
du=2dx du=3dx
3 du=dx jdu=dx
N du e du
R S
u 3x
=lgintu=}sin'2x =3 %tan”15=étan"‘—2—
Jlf‘; dx i %[Sin—l Zx]lM_ J'Zﬂ dx i y :__{ 2/3
o VI-4x? 9 A DaE T 20
2 %[sm‘1 i-sin! O] 2 %[tan'l [ <tapt O]
N 1[x ahe”
=3l 12 6|4 | A
| Exercise 14.7 w
Find:
dx o d rdx
i B, e 3.
J N4 -x? J N9 -x?% 25 - x2
[ dx [ 3dx [ 10 dx
4, 5. ]
] 16+ x% | Gepn® § 125422
In questions 7—12, use the suggested substitution:
dx dx [ dx
| —, =2x e s, = R .
LR o= Ll B e #E B s B
dx [ 2dx (o 4dx
10. | ——, =4 1. | ——, =20 12, | —, =4
J 1+16x% u= J 14+4x° . 19— 16x2 e
Evaluate each of the following:
2 dx 3 dx (1 dx
13. 14. 15.
Jo 4+x* Jo 9+x2 Jo V4 —x2
4 q el N3/2 dic
16. - m [ 18.
1 V16-x2 .1/«,’51"'-75 Jip2 1-x?
r1/3 3 dx r2(3 dx 2/5
19. il | or— o1, |
Jo 1—9](2 Jo 4+ 9x Jo 4—25)62
k dx T
22, IfJD 213520 find the value of k, keR.

&
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@ dx 7
23 IfJ ==, find the value of a, acR.
3/2 V9—x2 3
! 7 dx T
15 ; _— =—find th f p, eR.
| 24 Ifj0 AT e value of p D
1! More difficult variations on the above standard integrals involve completing the square.
!5 |
il e R
il
“ | ' | (i) Express x* - 4x+ 29 in the form (x — p)? + ¢* and, hence, evaluate J"’__dx__
et 3 : , X2 -4x+29°
T ERNME 0
1A% (ii) ExpressB—Zx‘—xzinthe form a” - (x + b)? and, hence, evaluatej —_—
. ik V3 -2x—x?
" g | Solution:
i @  x2—4x+29 ) 3-2x-x?  (add1landsubtract1)
e | =x?-4x+4+25 =3 (x2+2x)
| Bl —(x=2)2+52 “3+1-(P+2+1)
e J dx —J dx =4-(x+1)2=22-(x+1)
A Co4x+29 | (x-2)°+5° j Qe dx
o V-2x-x2 V22— (x4 1)
Substitution i K
B Rt Substitution
du=dx u=x+1
du=dx
_[ du -;ltan'lﬂ—ltan‘] x-2
e e 5 J dx bt o
= =gin~! —=sin" |-—
Ty Sdx 1 afx=2\ 22-u? 2 2
L ¥-4x+29 5 als . 0 dx [ _1(x+1)°
— = sin 8 S
=%[tan‘11-tan”10] 1 V3~ 2x-x? 2 4
; [n b —sin™' }-sin" 0
Sl ___0}=_ 7 7
20 =—-0=—
514 3 6
| Exercise 14.8 w
Express each of the following in the form (x + p+qg*
1. x> +4x+13 2. x*+8x+25 3. x2-6x+10 4. x2-2x+17
Express each of the following in the form a?—(x+b)%
5. 8-2x-x* 6. 7-6x-x* 7. 11-10x-x2 8. 8x—x*




Evaluate each of the following:

g r dx 10 Jl dx i r dx
" 16+ (x+1)? © 1235410 ChVo--1)2
1 dx 0 4 1 2
12.J1 13.J _Gdx 14.J .
0 V3-2x—x? x4+ 2x+2 NS5 —dx-x?
15. Find the values of p and g such that x> - 4x + 13 = (x - p)? + g2

3

dx
Hence, evaluate J ——— -, giving your answer in the form k tan™'%.
5 X*—4x+13

1 3d
16. Write (1 - x)(7 + x) in the form a® — (x + b)® and, hence, evaluate J al

SV -0 +x)

3
d
17. Find the real number k given that L xT—ExTE = g

Integrals of the Form J\/aZ —x2dy

Integrals of the form j\iaz — x? dx can be calculated by the substitution:

[ x=asiné

This substitution removes the square root and turns the integral into a trigonometrical substitution.

Note: It is simpler to change the limits to the corresponding limits for 8.
Integrals of this form are not in the tables.

P R R R

4
Evaluate:J V16 - x? dx, Substitution
0
Solution: X =4 sin 6
dx=4 cos8de
JVlﬁ—xzdx=IV42—x2dx
i : Limits
16 - x*=16 - 16 sin”® # = 16(1 - sin® 6) = 16 cos? §
V16 -x2=v16 cos? 6=4 cos 0 r=a: x=0
! 4sin0=4 | 4sing=0
A eeae
“L Wiate sing=1 | sino=0
/2 T
=J 4cos .4 cos 6do 055 =0
o

2 /2

3(1+cos 20) do=8 I (1+cos 26) do

i
= IGJ cos? 0 do= 16J.
0

0 0
=80 +}sin 29]:’ .

ooy

i
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5 3V3
Verify thatJ \v'3—x2dx=g+HS—. (Hint: Let x = V3 sin R
0

11.

[

i | Exercise 14.9 -
} : Evaluate each of the following, in each case using the suggested substitution:
{
i 2 3
! i i 3 J V4 - x? dx, x=2sin@ Z.J V9 - x% dx, x=3sin@
CALERE 0
8 t i
! | 12
3. J V25 —x2dx, x=5sin@ 4. J V1 -x2dx, x=sin @
0
12 2/3
; 5. J 1-4x*dx, 2x=siné 6. j V4 - 9x? dx, 3x=2sin @
s 4 0 0
1 o J V9-16x2dx, 4x=3sing 8. J V4 - x2 dx, x=2sin8d
& i i 0
5 i J 3 ' 23
i 9. J V36 - x? dx, x=6sing 10. J Y16 - x? dx, x=4sinf
0 ; 0

Area Under 4 Curve

.........................................

Area between a curve and the x-axis:
YA

The area, A, of the region bounded by the curve
¥ =f(x), the x-axis and the lines x=a and x = b is
given by:

b b

=[ ydx or A=J Sx) dx —1

a a

This is positive if the area is above the x-axis. A

This is negative if the area is below the x-axis.

If the curve cuts the x-axis between the limits,
then:

a % b
(i) find the areas above and below the x-axis 450
separately;
(i) add these two values together.

()




UL 5 ae T

e

i
¥

Area between a curve and the y-axis: ‘ ]

i
The area, A, bounded by the curve ¥ =f(x), the b /
y-axis and the lines y =@ and y = b is given by:

b
A=J. xdy
a

d
In this case, x must be expressed as a function of /

Y before we can integrate. =

y
This is positive if the area is to the right of the b r
y-axis.

This is negative if the area is to the left of the A
y-axis.

If the curve cuts the y-axis between the limits,
then:

(i) find the areas to the right and the left of the
y-axis separately; A<0
(if) add these two values together, a

—t

If not given, it is good practice to draw a sketch of the function and check to see if the curve cuts the
Xx-axis, or y-axis, between the given limits. If the curve is completely above, or below, the x-axis
between the limits, we can evaluate the integral between the limits given. If the curve is completely to
the right, or left, of the y-axis between the limits, we can evaluate the integral between the limits given.

Example <

C:y=3x-x?andL:y=x represent a curve and a line respectively. Find the coordinates of the
points where the curve and line intersect and draw a rough sketch of C and L.
Find the area bounded by the curve C, the line . and the x-axis.

Solution:

curve = line
3x-x’=x
—x2+2x=0
x2-2x=0
x(x-2)=0

x=0 or x=2




Asy=x,

whenx=0,y=0and whenx=2, y=2.

Thus, the curve and line intersect at (0, 0) and (2, 2).
We also need to find where the curve cuts the x-axis.

On the x-axis: y=0
3x-x2=0
x2-3x=0
x(x-3)=0
x=0 or X3
Thus the curve cuts the x-axis at x=0 and x = 3.

2 3
Shaded area =J (line) dx +J (curve) dx
0 2

2 3
=J xdx+j Bx-x2) dx
o 2

x2 2 3.1’2 x3 3
2, 5 20 3 5

H-©+[F-D--9)

24110

i

=3

Rough sketch

Shaded region is
the required area

Note: The area bounded by the line and the x-axis between x = 0 and x = 2 could also have been cz

culated by calculating the area of a triangle.

2 2
J (line) dx=J xdx=
0 0 5

Solution:
First make a sketch of the curve y = x2 — 2x — 8.
It cuts the x-axis at y = 0.
Thus, x*-2x-8=0

E-Hx+2)=0

x=4 or =-2

The graph is shown on the right. The sketch
shows that the required area is in two parts. One
part lies below the x-axis, A, and is negative, the

other part lies above the x-axis, A,, and is posi-
tive. Thus, we calculate the two areas separately.

@

2 1
=32@)=2.

e R S BRI,

Find the area bounded by the curve y = x? — 2x - 8, the x-axis and the lines x=1to x=35.

1




(as area must be positive)

T‘hus, AI'C&=A1 +A2=18+.l39 64

I
o

x Area between two curves:
3

1. We need to find where the curves intersect.
2. Subtract the areas under the curves between the points of intersection.

This can be done by the evaluation of one integral using the x coordinates of the point of intersection
as the limits.

Prnple R e R

The diagram shows part of the curve y
C:y=3+6x-x?andtheline L:y=15-2x

e been cal-

L

(i) Find the x coordinates of p and q.
] (ii) Calculate the area bounded by C and L.

Solution:

() We need to find the x coordinates where the ¥
curve and line intersect. E (c:
C:y=3+6x-x* L:y=15-2

Thus, 34+46x-x%2=15-2x

-x2+8x-12=0
x2-8x+12=0

=Y

§ (x-2)(x-6)=0 / 2 6\
x=2 or x=6




(ii) The shaded region represents the area bounded by the curve, C, and the line, L, i.e. the ar¢
under the curve less the area under the line, between the limits x =2 and x = 6.

6 6
Shaded area=A=J (3 +6x—x2)dx—[ (15 - 2x) dx
2 2
6
=| B+6x-x2-15+2x)dx
J2
rb
=| (Bx-x*-12)dx
Ja

[ 3 6
o 4x2—-x——12x]
L 3 2
= (144-72-72) - (16 ~§ - 24)
=102

| Exercise 14.10 ~

Calculate the area of the shaded region in each of the following diagrams:

1. Vi A 2. Vi

y=x+1




5 6
).
s, the area r . y
E) /.
0 1 /3 x
/ L
¥ 0 X
7
2
sl
f y=x3~4x2+3x L. *
{
[ 7. Y 8. yr
{ 3
0 \_/ x 0 X
| y= x*-5x+4 y=+x
1 ? J 19, A
| ans
o1 —% -
: y= x—lz +3 y=x*+2
: In questions 11 and 12, f(x) is the curve and g(x) is the line:
, 11. Y 12. 9)
: g(x)
5 f 8(x)
! f@)
E
; /7fz -1 B 1 2\3 7 0 \ #
i f)=4-x"and g(x) =x +2 f)=6-x-x"andg(x) =x +3

@&
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13.

14. f(x)=x%+3and g(x) =3x+ 1.

15.
16.
17.
18.
19.

20.

21.

22.

The diagram shows part of the curve
C:y=5x-x*andthelineL:y=8-x

(i) Find the x coordinates of p and g.
(ii) Calculate the area bounded by C and L.

(i) Find the coordinates of a and b.

(ii) Sketch f(x) and g(x) on the same axes and scales.

(iti) Find the area of the bounded region enclosed by f(x) and g(x).

f(x) and g(x) meet at the points a and b.

Find the area of the bounded region enclosed by the curve y = 4x — x? and the lines x =

Find the area of the bounded region enclosed by the curve y = 5x — 2x? and the line y = x.

Find the area of the bounded region enclosed by the curve y = x* - 3x + 3 and the line y = 2x-1.

Find the area enclosed by the curve y = x2+ 1 and the line y = 5.

Find the area enclosed by the curve y = x? and the y-axis fromy=1toy=4.

Yi

The diagram shows part of the graph of the
¢ 2

function f(x) = E .

Calculate the area of the shaded region.

Write your answer in the form a - In b.

The diagram shows part of the graph of the
i2

curve f(x) - If the region bounded by

f(x), the x-axis and lines x=2 and x=k&,

k> 2, is 4, find the value of k.

The diagram shows part of the graph of the
function f(x) = 4x — x*. If the areas of the two
shaded regions are equal, find the value of p,
p>0.

@

/ é "
5 s
o S0
P,
0 X




y=0and x=35,
=X.
";y=2x-v 1.

23. The diagram shows a sketch of the functions:

y fO)=x*-2x
J(0) =x* - 2x and g(x) = 2x.
JS(x) cuts the x-axis at the points o and q. 8(x) = 2x
J(x) and g(x) meet at the point b,
()  Find the coordinates of g and b. /
a

—_—

X

(i) Find the area of the shaded region.

b

I

3
y=
24. () Ify=x> expressxasa function of y. V y=8
(i) The region bounded by the y-axis, the
curve y = x* and the line y = § js divided
Y
2

b
:'
into two regions of equal area by the line A
1
i
1
I

0
y==k
Show that k* =512

0 X
6
25. (i) Evaluate [ V36 -x?dx (letx=6 sin @) yjr
0
() x*+y?=7r2 is the equation of a circle,
centre the origin and radius 7,
Express y in terms of r and X.
(iii) The diagram shows the graph of the
function y =Vr? - 2, | 1,
Using integration methods, prove that -r 0 rx

the area of circle of radius r is nre,

Volumes of Revolution

- If an area is rotated about the x- or y-axis, the three-dimensiona] object formed is called a ‘solid of
revolution’ and its volume is a ‘volume of revolution’,

Rotation about the X-axis:

The volume, V,, generated by rotating, once, the
area bounded by the curve Y =f(x), the x-axis and
the lines x =g and x = b is given by:

T ORI By C vsmgire 8

b
V:F”J y*dx

a

A triangle would generate a cone,



il
1l
i ' Rotation about the y-axis:
i e The volume, V,, generated by rotating, once, the
AN : area bounded by the curve y = f(x), the y-axis and
g the lines y = a and y = b is given by:
I ¢
i b
i i Vy=arJ x*dy
| LeH “
IR A semi-circle would generate a sphere.
b ' In this case, x must be expressed as a function of y
! 5 first.
i EEE

On our course, the solids of revolution are confined to cones, or parts of cones, and spheres, or |
of spheres.

4 Fonie | .

Find the volume of the solid generated by rotating about the y-axis the area bounded by the y-axi:
the line 2x — y + 2 =0 and the lines y=4 and y="7.

sl o

4 Solution:
i i The diagram on the right represents the situation.
I/ The line 2x — y + 2 = 0 cuts the x-axis
at (-1, 0) and the y-axis at (2, 0).
1 ; :
V,= JTJ fedy
a

T
10 -4y +4)dy

li
=
S

9
=ZJ (v2-4y+4) dy
4
3 7
=E{y——2y2+4y] 5
413 5 ﬁl 0 x
T T 343 64
=—|(332-98+28)~(%~-32+16
4 [( ? )6 i )] Generates a frustrum
%[%_136] 2x-y+2=0
i 2x=y=~2
=7[39] x=4y-2)
xP=3(y2 -4y +4)




Solution:

=¥
o

i3 E
=al(rP-— —(—r3+—)
leres, or parts 3 3

= a(3r)

=4nr3

the y-axis,

Note: ris a constant.

PO s - v Lokt v i S

Using integration methods, prove that the volume of a sphere of radius r is 3r?.

Consider the circle x? + y2 = r2.

We rotate the top half (semi-circle) of the circle
about the x-axis. This generates a sphere.

2sfer

The circle cuts the x-axis at —r and r.
Thus, the limits of integration are —r and r.

2. Sketchthelinex+y-2=0.

S
A 35 WO T gt by 8 P e
|7

T

(i) the x-axis (ii) the y-axis.

x4 yt=r?
y2= (=)
| Exercise 14.11
_ 1. The diagram shows the line y = 2x, b
! Find the volume of the cone generated by rotating
about the x-axis the area bounded by the line Y = 2x
; ¥ =2x and the lines x = 0 and x = 4.
¢
i
! 0 z

Find the volume of the solid generated by rotating about the y-axis the area bounded by the y-axis,
the line x + y — 2 =0 and the lines x =0 and x = 2.

. Find the volume of the solid generated by rotating about the y-axis the area bounded by the y-axis,
the line 2x — y — 2 = 0 and the lines y=2 and y = 6.

4. The equation of the line X is 3x + 2y — 6 = 0. Using integration methods, find the volume of the
cones generated by rotating the areas bounded by K and the axes about:




rr { &
5. Using integration methods, find the volume generated by rotating about the x-axis the circle
: x*+y?=9.

6. A sphere has a radius of 6 cm.
A spherical cap of depth 3 cm, is removed
from the sphere, as shown.
Using integration methods, find the volume of
the spherical cap.

7. The diagram shows the circle x* + y2 =4 and
the line x = 1. Find the volume generated by
rotating the shaded region about the x-axis.

8. The diagram shows a graph of the circle
(x-2)2+y2=09.
If y2 = a + bx — x2, find the value of @ and b.
Find the volume of the solid generated by
rotating about the x-axis the area bounded by
4t the x-axis, the circle (x — 2)2+ y2=9 and the
e lines x =3 and x = 4.

e .

Bl 9. A triangle has vertices (0, 0), (h, r), (h, 0), as

it shown.

Find the equation of the line which contains

3 the points (0, 0) and (h, r). Hence, using inte-
' gration methods, prove that the volume of a

) right-circular cone of base radius r and height

| his mrih.

} ROl 10. Using integration methods, prove that the volume of a hemisphere of radius r is zr3,

PR | IS 11. Using integration methods, find the volume of water needed to fill a hemispherical bowl of radius

9 c¢m to a depth of 6 cm.




_axis the circle

of radjus

12. The diagram shows the circle x2 + y2 =4 and

¥
the line x = 1. The line intercepts the circle at t\
the points ¢ and b.

(i)  Find the coordinates of a and .

(i) Find the volume generated by rotating
the shaded sector about the y-axis.
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