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DIFFERENTIAL CALCULUS 2
DIFFERENTIATION BY RULE

; Differentiation by Rule

................................................

Differentiation from first principles can become tedious and difficult. Fortunately, it is not always nec-
essary to use first principles. There are a few rules (which can be derived from first principles) which
enable us to write down the derivative of a function quite easily.

Rule 1: General Rule
If:

d
x" then =X—pyn-1

b

g
d
y=ax" then &X:mx"”l

In words:

Multiply by the power and reduce the power by 1.
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\ Differentiate with respect to x:

8
y=x° (i) y=-3x (iii) y=>5x W y=—

© y-6%F o) y- i) =5 (i) y=7
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(v) y=6Vx=6x" =1x 6x1f2*1=3x“‘/2=-_x1/2=_@
(vi) y= T g Lh =—fx 2 1= _1x = i
Vx o

2

6
(vii) y= e —6x 3 =—1x Gx-13-1= _2x = -5

(viii)y =7 = 7x°

Part (viii) leads to the rule:

The derivative of a constant = 0.

Note: The line y =7 is a horizontal line. Its slope is 0.
Therefore its derivative (also its slope) equals 0.
In other words, the derivative of a constant always equals zero.

Sum or Difference

If the expression to be differentiated contains more than one term, just differentiate, separately, eac
term in the expression.

B R S R .

Find f'(x) for each of the following:

1
i) fO=x+—
X

2l
(i) f)=—=-—+5

S

Solution:

O fo-x (i) f(x)=%—£z+5
e .
f'(x)=1—;2§ f’(x)=—;§ﬁ+%




arately, each

o

Evaluating Derivatives

..............................................

Often we have to evaluate a derivative for a particular value.

Pl R R R

d
() Ifs=3f+5¢—7, find the value ofd—: when 7 = 2.
(i) If f(x) =Vx + 3x, evaluate f'(4).
Solution:
(i) s=3t2+5t-7 (i) f()= \&+ 3x
E:GHS J) =x" 4 3x
) di FO)=3x1243
1 ko) i
df =2 = F
=12+5=17
f(4) =, T
1 1
= Z + 3 = 3:4“

ds . . .
— 1s the derivative of s with respect to ¢.

P iy is the derivative of A with respect to r.
v

Second Derivatives

........................................

2

dy d (d d
The derivative of — e~ , that is g (ay) is denoted by i )2’ and is called the

‘second derivative of y with respect to x’.

d?.
7:1? is pronounced ‘dee two y, dee x squared’.

The derivative of f'(x) is denoted by f"(x) and is called the

‘second derivative of f(x) with respect to x’.




STETENES

g
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R |
i Iffe=x+ = find f"(x) and f"(2).
34 g ; d%h
@) Ifh=10+30t" -4z, evaluate a2 when ¢ = 3.
Solution:
1 % 2 2 243
Q. Fo)=x4— (ii) h=10+ 30" -4t
¢ 4460t 126
f(X)=X+ZC_—1 : -(—1?— t—12¢
fl@y=i1—x? a’h
—=00-24t
f'(x) = 253 ds? 7
2 d*h
P 1 ‘e
i
i [T AT
4y (d%y\ [dy\?
If y = x*, show that = (Ex_z) = (Ii =0.
Solution:
it )
d 3 lax2] \ax
O Ax3 3 \dx dx
d?y .
& B S 4 4 ¥
& =2 (13) - @)
— 16x% — 16x°
dy\2 d%y
Note: (a) + T
| Exercise 121 w
Differentiate each of the following with respect to x:
L & 2. 3x* T 4. 3x 5, -2x
1 2 i
6. 5 7. -3 8. 2 9. = 10. ——



| 16. x3-5x

3 28.

11.

21.
Find d

in
d

25.

3.
34.

3s.

36.
37.
38.
39,

40.
41.

42.

43.

44.

45.

6x1? 12. L 13. 14. 15. —=
X

1-x? 18. x?-
2
Vx

7}2’ for each of the following:

19,

6 2 1 3
+_2+W 24. —

17 20.

4-..._-_.’..
o3

22. 6Vx-—

2

y = 4x3 + 6x2 26. y=x*-x* 27, y=6x>-12x*-8x+4
1 2

y=—
X

-

If f(x) = 3x% - 4x - 7, evaluate (i) £'(2) (i) f"(-1).

30. y="x

18

33. y=9x1/3+m

If f(x) = —4\x, evaluate f"(9).

dA
If A = 37 — 57, find the value ofd— when r = 3.
r

2

d d
If s = 3¢ — 22, find the value of (i) d—j (i) de shigit=2,

dv
IfV =3h-h?-3h3, findﬁwhen h=1.
dA
If A = nr?, find — when i
dr 5

dv
If V= %nr?, find = when 2r - 5=0.

f(x) =3x? — 4x. If f'(k) = 8, find the value of k, k€R.

f)=x*+ 1.If f"(a) = 18, find the value of a, a€R.

d?y

dax?

d? d
If y = 4x3 - 6x?, show that xzd—xz— ZxEy

d
If y = 3x2 + 2x, show that y -3x£§-6x=0.

-12x=0.
d2

; ; o Y o O F
ch}zthe values of x for which (i) he 0 (ii) v 0.

1 d%y (dy\?
Ify=;§ , show that ygzt (a) - 10y*=0.




Product, Quotient and Chain Rules

.........................................................................

Rule 2: Product Rule

Suppose u and v are functions of x.
I y=uwv,

then ——=U—tv—.

In words:

First by the derivative of the second + second by the derivative of the first.

Tt~ IR R T

d
If y = (% = 3x+ 2)(x* - 2), find d—z.

i l Solution:

Lt * Let u=x*-3x+2 and letv=x%>-2
e i |
e an &

B —=2x-3 P

i dx e dx
o]
, dy dv du
= ”a“’ﬁ; (product rule)

=(x? = 3x + 2)(2x) + (x%2 - 2)(2x - 3)
=2x3—6x2+4x +2x3 - 3x*-4x+6
=4x* - 9% + 6

Rule 3: Quotient Rule

Suppose u and v are functions of x.

@ If y=—

il vdu udv
i dy. 0% 0%
g then L .

i dx v

i

I

In words:

Bottom by the derivative of the top — Top by the derivative of the bottom
(Bottom)>




2

X
Ify=
J x-2

dy
,ﬁnd-&x—.

Solution:

Letu=x and let v=x-2

_(x=2)(2x) - (1)
(x-2)*
Py L
e
x2-4x
" =)

Note: It is usual practice to simplify the top but not the bottom.

e R S B R TS

= (quotient rule)

Function of a function

When we write, for example, y = (x + 5)3, we say that y is a function of x.
If we let u = (x + 5), then y = 1, where 1 = (x + 5).

We say that y is a function u, and u is a function of x.

The new variable, u, is the link between the two expressions.

Rule 4: Chain Rule

Suppose u is a function of x.
If y=u"
du

n-1

then g—xz=nu P

The chain rule should be done in one step.
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Find i for each of the following:
3
. e 4 . =
i y=(x"-3x e
1 3
iy (lll) y= Ndx -3 (lv) y= (x2 + ;)
{ :
5 .
138 Solution:
: ,. i | » & 247 3 4 .u @
@ d;’ (x* - 3x) e =
1R a=4(x2-3x)3(2x—3) y=32x+5)"
f | dy i 25
1 = (8x - 12)(x* - 3%)° T 2eor )
i =6
e EpIY
:1 1\3
1 i (i) y=V4x-3 (iv) y= (x2 + ;)
R y=(4x-3)"?
: [ i dy y=(@x2+x7h3
1 2 =1 (4x-3) 74 ir
I} ‘} ;; .; dx - ; i 3+ x )% 2 —-x?)
8 = a2 2
@-3" Vix_3 =3(xz+£) (2,6__12_)
| X X
Often we have to deal with a combination of the product, quotient or chain rules.
i A R PR,
Find it @ y=xO-2 (@) y= ‘ i
dx o AT
Solution:
. ‘ i y=xV9-x?
y=x9 - )P
| e i d
E . ay = (1). 39 - xH)WH=2x) + (9 - xH) (1) (product rule and chain rule)
b : '
| :
i . (chain rule here)
T _x2(9 A, x2)—-1,"2 o (9 L xZ) 12




]__
M =

1-x 1/2
y_(1+x)

dy 1(1 —x)‘”z[(l +x)(1)-(1 —x)(l)}

dx 2\1+x (1+x)2
_1{1+x 2ray S ley
SOy (1+x)?
s 22
Iy )R

=1

AT )

chain rule followed by
the quotient rule

(&) -C)

| Exercise 12.2 =

d
In questions 1 to 6, use the product rule to find d_y :
%
1. y=Q2x+3)x-4)
4. y=(x+3)x?-6x+8)

d
In questions 7 to 12, use the quotient rule to find —d—i :

2 -1
7. y=3x+ 8. y=2x
x+1 x+3
b | 1-x
10, y= 11. y=
Y x2+1 - 2x—x?

A d

- In questions 13-18, use the chain rule to find d_y -
X

13, y=(3x+2)* 14. y=(x%+2x)°

1
17. y=——

16, y=dx+2 5%

g

?Fmda%if:

20. y =3x(x + 2)*
23, y=x\1+x?

» 19, y=x2(x+3)*
&

4
"22 y=x"2x+1

o

3. I S - ’x—f§ , find the value of £'(1).

-_ @

2. y=(x+5)(x*-3x+2) 3.
5. y=(5x*-3x)(x? - 5x) 6.

y=0Bx-4)(x*-2x+3)
y=0Bx3-2x2+H2x-1)

_3x—1
=D

9. v

- -6

12 y=x2+x—6

15. y=(2x*+1)°

1

V2x? —4x

18. y=

21. y =3x%2x + 3)?

x+1

X

1
26. If f(x) = /i—;—l , find the value of f'5).

24, y=




Differentiation of Trigonometric Functions
The rules for differentiating also apply to trigonometric functions.
The following are in the tables on page 41, but they are shown only for x.
The chain rule is used throughout, assuming u is a function of x. oo
Therefore, if you are using the tables, replace x with u and always multiply by '
Basic rule (page 41 tables) Chain rule
du
ftx) f1) f(w) O
- | x
. . du
CO8 X —sin x cos u —-sinu - —
dx
; ) du
sin x cos x sin u cosu - —
dx
" , du
tan x sec” x tan u sectu - —
B dx
du
sec x sec x tan x sec u : secutanu - —
dx
du
COSec X -cosec x cot x COSEC U —cosec ucotu - .
cot x —cosec? x cot u —cosec? i - —
dx

Find the derivatives of the functions:
(i) cos3x (ii) tan® 5x
Solution:
(i) v =C08,3%,

dy _l:—\'/j

s (=sin 3x)(3)

=-3 sin 3x

(iii) y=xsinx
(use the product rule)

dy ;
— = (x)(cos x) + (sin x)(1)
dx

=XCOSX+ sinx

(iif) xsinx

(ii)

(iv)

P ~ | R R .

(iv) Veos x

t=tan® 5x
y = (tan 5x)*
4y = 3(tan 5x)*(sec” 5x)(5)
dx
[PTA: (power) (trig. function) (angle)]
=15 tan” 5x sec? 5x
y=\cosx
y=(cos x)!/2 (chain rule)

d
Ey = }(cos x)"/*(~sin x)

—8in x

i 2\cos x
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If f(x) =—— , evaluate f ’(—).
xX+cosx 2
Solution:
2
X
fx)=—
X+cos X
2x) ~ x%(1 - si
f’(x)=(x+coS x)( ) x(2 Sta) (quotient rule)
{(x+cosx)
7 T 7\? i1
—+cos —{(m)—|=| |1 -sin—
7 2)( ) (2) ( 2) Don’t simplify:
f E 2
E+cosE uti11x=f
N 4 2
2
E+O)(n)~—(n—)(l—1)
4 m
= 3 cos—=0,sm—=1)
ir—+O %
-+
7 m? 2
e = [=10 HE.
(2)(30 (4)( ) 5 02
T 2y T2 T2
[ F
| Exercise 12.3 =
. dy.
Find — if:
in dxl
1. y=sin4x 2. y=cos3x 3. y=tan 2x
4. y=sec5x 5. y=~cosec 6x 6. y=-2cotdx
7. y=sin(2x - 3) 8. y=tan(3x +2) 9. y=2tan x+secx
: e g, ';J'
10, y=x?sinx 11. y=3xtanx 12. y=x?cos 2x
; 1 [t
13, y=s1nx 18, 5 _ 15. y- +sin x
x 1-sinx COoS X
16. y=cos®x 17. y=sin®4x 18. y=tan’ 3x
19. y=(1+sin?x)* 20. y="Vsinx 21. y="\cos 2x
22, f(x) =w. Show that f'(x) = ———.
COS X —sin X 1-sin 2x
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d?y
. If y = cos 3x, show that i ~Oy.

24. If y =3 cos x + sin x, show that:
d &y [d
@) cosx(d—z)+y sinx—1=0 (i) —y—3(l

dx

57 )+2y-105inx=0.
¥

25. If f(x) = sin x cos x, evaluate f '(g)

d
26. If y=cos 2x + 2 sin x, evaluated—yatx=%.
X

sin x
t

T+ Evaluate f(0).

27. flx)=

anx

Implicit Differentiation -

................................................

If y = f(x), the variable y is given explicitly (clearly) in terms of x.

For example, y = x> — 2x? + 5x — 4 is an explicit function.

Some curves are defined by implicit functions, that is, functions which cannot be expressed in the forn
y=fx).

For example, x? + xy +y> = 7 is an implicit function.

Tt cannot be written in the form y = f(x).

It is for this reason that we must have a method for differentiating explicit functions.

An implicit function involving x and y can be differentiated with respect to x as it stands, using th

chain rule.

Method for differentiating implicit functions:

1. Differentiate, term by term, on both sides with respect to x.

d
2. Bring all terms with —d,% to the left and bring all other terms to the right.

d
3. Make ay the subject of the equation.

Tt is useful to remember that, by the chain rule,

&
dx

d o dy d 5
a(y)-@ydx and dx(y)—3y

as y is considered as a function of x.

d ny _ n—lg
a;(y)—ny (dx)

&



in the form

5, using the

[ Example v

d
Given that 2x3 + 3xy2 — > + 6 =0, evaluate ay at the point (-1, 1).

Solution:
(use product rule here)
2x3+3xy2-y*+6=0
dy dy
i) gl 2 D= ST
6x +3[x.2y d.x+} ( )} 3y % 0

6x* + 6xy % +3y% - 3y? % =0 (divide each term by -3)

dy
6xy - 3y? o= —6" =3y’

d

H% (6xy — 3y?) =—627 - 3y*
dy —6x*- e eyt Dy 4 y2
dx 6xy-3y° ¥ -2y y-29

dy| 2D+

3
e =—~=1
dx ;:;1 1(1+2) 3

d
Note: To evaluate ay we used both coordinates of the point.

| Exercise 12.4 -

d
For each of the following curves, eXpress d—y in terms of x and y:
X

1. x2+y*=4 2. x*+2y-y*=5 3, x2-6y3+y=0
4, x*+y?*-4x-6y+9=0 5. x*+xy+y*=13 6. x2+3xy+2y*=6
7. xly-5x=2 8. xy?+x’=2 9. xly+xy’=2

d
Find the value of ay at the point specified:

10. x2+ y*=25 at the point (3, -4) ' 11. x*+ xy + 2y* =28 at the point (2, -4)
2. x? + dxy — 2y* - 8 = 0 at the point (0, 2) 13. x%+y?+3x2Zy=21at the point (2, 1)

14. Find the slope of the tangent to the curve y* + 3xy + 2x2 = 6 at the point (1, 1).

2
15. Find the slope of the tangent to the curve x sin y + yi=1+ 1[4— at the point (1, —g)

d d
Note: i (siny)=cosy ay ‘

@




e

Parametric Differentiation

......................................................

If x and y are each expressed in terms of a third variable, ¢ say (or 6), called the parameter, then x = f(f)
and y = g(f) give the parametric forms of the equation relating to x and y respectively.

d
To find Exx do the following:

dy

o i dy dy dy dt dr

. Find — and — ; e R e
1. Find = and dt,separately 2. Use S i v
dt

F ~ TR TR .

d
(i) Ifx=4rtandy=(1+ 3t2)2, express Ey in terms of 7.

d
Hence, or otherwise, evaluate ﬁr?c" when ¢t = —1.
b ; . dy
(ii) Letx=a(cos 0+ 6 sin ) and y = a(sin @ — 6 cos 0); show that a=tan 6.

ax0,—~m<f<m and eqeig

Solution:
x=4r y=(1+3t)?
(chain rule)
%= 1262 %= 2(1 + 32 (66) = 124(1 + 3¢)
dy
dy dr 1201+37%) 1437
S e T
dr
Gy o T3 188 2y
dx =1 = )




1en x =f(2)

(ii) x=alcos O+ 0 sin H) y=a(sin 6 - 6 cos &)

. : d :
aa=a(—sm 0+0.cosf+smb.1) Eg-—-a[cos 60— (0.-sin@+cosf.1)]
= g(—sin 6 + 0 cos 6 + sin 6) =qa(cos # + 0 sin 6 — cos 6)
=af cos 0 =af sin 0
dy

dy _E_aesine_sine_t
dx dx afcos@® cosb
de

an 6

ﬁz’xercise 125w

d
Find ay Jintenmsati. ok

s A

11.
12.

13,

x=2t, Cy=t? 2. x=2t+3, y=283
x=12+1, y=t 4, x=31% . y=2t2+5
x=t1-1), y=t1-1% 6. x=6¢+5, y=(2t-1)3
x=;, y=1t>+4t 8. x=2\t, y=5t+4

2 3
x=1+—11;, y=t+; 10.x=ﬁ, y=ﬁ
x=%andy=;—i.lf%=k, find the value of k.

2 2 dy . dy .
Ifx= 7 and y = 3t — 1, express T in terms of 7. Evaluate P at the point (2, 2).
X

-1 2+4

3t d
If x= and y = — express ay in terms of ¢,

d
Find the values of # for which d—i 1.

d
. If x = 2¢ + sin 2¢ and y = cos 2¢, show thatay=—tant.
dy
. If x=sec 6 and y = tan 6, show thatd—=cosec 6.
X
; . Ay
. fx=k(0-sin 6) and y=k(1 —cos ), k ER, fmda;.

d d
. Given y = sin 6 cos 6 - 6 and x = 2 cos 6, show that (i) d—z - 2sin%0 (i) ay — sin 6.

d
- Ifx=3cos@-4sindandy=4 cos 9+33in9,evaluateayat9=g.

&




g e e e 8 e =i

”"”’“"“”“m

d 2
19. If x = sin 6 and y = sin nf, where n € R, show that (1 ——xz)(d—y) -n¥1-yH=0.
X

20. x=k(1+cos®), y=2k sin? @, where 0 < 6 < m and k is a positive constant.
i d
ek (i) Find El% in the form p cos 6 where p € Z.

(i) Find, in terms of k, the coordinates of the point g where 6 = tan™! 't

e

........................................................................................................

K i The rules for differentiating also apply to inverse trigonometric functions.
i e The following are in the tables on page 41, but they are shown only for x.
i The chain rule is used throughout, assuming u is a function of x.

i d
ey Replace a with 1, x with &, and always multiply by au :

i
i ‘] ' . Basic rule (page 41 tables) Chain rule
e | , du
g &) ) fw) fw—
R dx
i - 1 . 1 du
0 sin™! — sin” u —_
- 1 IE a a’—x? Vi-u? dx
1 ;F } tan-lx & t. -1 1 dy
IRE | a at+x* an 1+u? dx
: 3

Note: The derivative of cos™ u is not in the syllabus.

it R R .

Datealis
dx 22+2x+1

() Ify=tan™ (1—;;) show that el

d
(i) Given y = sin~*(3x - 1), calculate the value of ay atx=1.

Solution:
'._.-'tan_l .__x_
h 1+x
(quotient rule)
dy 1 A+ -@A) y=tan u
dx [ 2 )~
1+x 2= 1 ﬂﬁ
dy l34? dx




L= |

1

el

R e 2]

SR o e b SRR e e

Lol sval - - Aty

4 1 : l+x-x
& 2 (1+x)?

Ta+nz
o et 1

TA 02+ (1+x)2
1

T A2

i 1

T 14 2x4x2+x?
1

T2k

multiply the top and bottom
of the first fraction by (1 +x)?

(ii) y=sin"(Bx~1)
.d_y-— ; . (3)
dxr \1-(3x-1)? dy 1 du

i a= 1—u2.5

V1-(3x-1)

3 .3
v VI-OF V1

dy

3
a +T=3

| Exercise 12.6 -

d
Find d_y for each of the following:
X

1. y=sin™' 2x 2. y=tan"t3x
4. y=tan'2x + 1) 5. y=tan™! x?
7. y=(sin"! 5x) 8. y= tan‘l(g)
10. y = sin"!(cos x) 11. y=xsin'x
d
13. Given y = sin'(4x - 1), calculate the value of d—y at x = % :
x
1
14. Given y=tan~!|—|, show that Q= - =5,
X dx 1+x
. o dy 7
15. Given y = tan"'(cos x), calculate the value of o at x= ra
X
16. dy a

17.

x
If y=tan~!{~|, show that —— = .
y=tan (a) o O T e 2

Explain why pV1-q=\p*-p%q, p,q€R.

by e L
If y=sin (a),showthatdx— .

a"—x

&

9. y= sin‘I(

3. y=sinl(x-1)

6. y=sin"! 2x?

;

12. y=6xtan! 2x




18. f(x) =% sin™ (%) Show that f'(¥2) = - % - % .
| 19. If y=tan™' x, show mat%(1+x2)+n%=0_
-: . 20. Hu=g,showmat%=w_
.‘ ‘L Hence, if y = tan™ (i%), find g% !
Verify that Zx(%)z N Egyz_ 1

. 21. Explain why Va=——,a € R, a#0.
;e Va

Given y =sin~' x +x\1 - x?, show that T=2 1-x%
2

...................................................................................

B

é [ | The rules for differentiating apply also to exponential functions.

2 1 Exponent is another word for index. A function such as y = 2% in which the variable occurs as an
¢ 5 index, is called ‘an exponential function’.

gl The function y = e* is called ‘the exponential function’ or ‘natural exponential function’.

148 i ¢ is an irrational constant whose value is 2.71828 correct to six significant figures.

¢* is the only basic function which is its own derivative. That is:

Note: The positive number e behaves just like other positive numbers such as2 or §.
¢* obeys all the usual laws of indices or exponents.

Using the chain rule:

Suppose u is a function of x.
If y=e"

R I

dy du
thi R )
en e




Ccurs as an

Evewte ~ R T e P T

Find %if (@) y=e* 3 (i) y= fﬁ-
Solution:
@ y=e'¥
% =" " H(2x-3)
= (2x-3)e” ¥
(i y=em*
% = e 2(cos 2x)(2)
= (2 cos 2x)e*n 2

Note: The quotient rule could also be used.

sin 2x

i) y=e=  (1¥) y=Z

2
@) y=—T=2e
e

@(iv) y=—=xe
(use the product rule)
d
Eé = xe"(=2) + e"2(1)
=-2xeF e

1-2x
=1~ 2)=— o

o R T A
g

d d
If y=xe™, show thatan—)+2£+y=0.
- Solution:
y=xe™

4y tismiing i
3~ HeT DI+ e

=—xe " +e™"
=e1-x)
d*y

P e -1+ -x)[e*-D]

=—e*+(1-x)(~e™)
—eF+xe™
=xe*=2e*
=eHx-2)

=—g 7

d2
+2—+y

=5 e"‘(x 2) +2[e™( 1 —x)] + (xe™)

=xe " —2e*+2e* - 2xe* +xe*

=e (x-2+2-2x+x)=eH0)=0.

{product rule)

(product rule, again)

&
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| Exercise 12.7 =
.. 43 ;
Find i for each of the following:
1. y=e* 2. y=2e¥* & y=e* 4, y=e" ¥
2 5 2
| 5 y=e* 6. y=e™ 7. P 8. y= =5
.»: 9, y=esinx 10. y=ecos?.x 11. y=e4\:anx 12. y= pXsinx
; 13. y==xe* 14. y=x%e> 15. y=e¥cosx 16. y=e ¥ sinx
2
2 1
17. y=g— 18. y=G+e) 1. y=3—= 20. y=V1-2¢*
R e 2¢” | )
AR 21. If f(x)~ , show that f (x)—( eex)z. 22, Iff(6) =e'**"? evaluate @) (o) (i) /"
| 1 B -
a2y | dy &y L4
‘ :;1;;, 23. If y = e%, show thatd—x)i—3a+2y 0. 24. If y=xe ™, show thatd—xZ+4a§+4y=0.
R 25, If * gin x, show th td2 Zd +2y=0.
' : =e , at—5—2-— =
i Y dx? dx
d?y d
26. Given that y = x + sin~' x, show that (1 -x?) —Z—xlﬂc: 0.
dx dx
\é i 27. If y = ¢, find the values okaRforwhlch 3—+2y 0.
: ‘* 2t t dy t
G 28. Ify=e andx=e,showthata;=23.
1 i dy t+1
,: l 29, Ify=terandx=tze’, ShOWthata}):m.
i 3 dy\? [dx\?
? 30. Given y=e? cos 6 and x = ¢ sin 6, where _T< 6‘< A , show that(d;) +(a%) =2e%.
{ Evaluat 4 atf
ate —— =—.
j vaiu A 5
."‘.i-' d2y d 2
§ 31. Ify=e™coskx,n k€ER, showthatd—+2nd + 2+ kA)y=
{
| Differentiation of Natural Logarlthmlc Functions
[ s S S5 s e Ts snsse RSR rRs
: Logarithms to the base e are called ‘natural logarithms’.
{ 5* The notation In x is used as an abbreviation of log, x.
Ak The function y = In x is the inverse function of y = &
' i L (exponents and logs are inverse functions of each other).
B

Note: log, x or In x is defined only for x> 0.

Wre ;
| = v k-‘. |
< i 1R
- ‘-‘ i
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-5x

sin x
- -
© s8I x

s 264:5
) (i) f(g)

+4y=0.

2e%

Natural logarithms obey the same laws as logarithms to any other base.

Laws of Logs: Inagb=Ina+Inb In%=1na—lnb Ina"=nina

Using the laws of logs before differentiating can simplify the work.

The following is worth remembering when evaluating the derivatives of natural logarithmic functions:

Ine*=k  foranyk€R.

For example,
Inl=Ine?=0, Ine=Ine'=1, Ine?=2, InVe=Ine'?=1,

The rules for differentiating also apply to natural logarithmic functions.

Suppose u 1s a function of x.

If y=lnu

d 1
then _Z=M.%_

dx u dx

Pt |

' Find g if @) y=InG2+1) (i) y=In(sinx) (i) y=10Vx*-3  (iv) y=xInx.

| Solution:
) y=In(x*+1) (i) y=In(sin x)
* dy 1 dy 1
i s Ty
2x cos x
o = _=cotx
x4+ 1 ' sin x
_"iii) y=InVx?-3 (iv) y=xlnx
A i 2_ oy _1 205 d T\ =
vy =In(x*-3) 5 In(x*-3) ——X=x 2} (1)
{using In @” =n In a) dx s Wy
dy _1 el ol o (using the product rule)
dx 2 »-3 =l+lnx
S
i




| Exercise 12.8 w

d
Find d—y for each of the following:
x
2. y=In2x + 3)

1
5. y= ln()
x

8. y=In(tan 3x)

1. y=In5x
4. y=In(cos x)
7. y=In(sin 2x)

10. y=xInx? 11. y=x*In(x + 1)

: d
Use the rules of logarithms, or otherwise, to find HX for each of the following:
x

2x
13. y= ln(
54

) 14. y = In(2x + 3)*
+1

16. y=In\1+x? 17. y=1InVsinx
19. If f(x) = In(e” cos x), show that f'(x) = 1 — tan x.

20. If y = In(sec x + tan x), show that % =Sec X.

(ii) f'(L).

), show that f'(x) = -2 cosec x.

21. If f(x) = x> In x, evaluate (i) f'(e)
1+cosx
1-cosx

23. If f(x) = In(In x), evaluate f'(e).

22. Given f(x)= ln(

24. If f(x)z]n( ¢ x) evaluate f'(0).
L+e
1 dy 1-1
25. T y=—-", show that > ~— .
X dx X

%y
Evaluate ) atx=e.
26. Given f(x)=¢e"Inx, x>0, evaluate f'(1).

d
27. Given y=1In(f+ 1) and x = 1 + In ¢, express HX in terms of ¢.
X

28. If y=¢'*!and x = ¢', find the value of ln(¥).
x

1 dy 2t
29. If y=Intand x+3(t+—|, show that —= .
y nanx2(+t)sow at =5
: 1+e d
30. Iflen(lier)andyzln( ele ) teR, evaluated—i.

d
31. Given y = x In(x?), show that x(a—xz) ~2x=9y.

&

3. y=In(x*+2
6. y=In(e*+2
9, y=1In(e™

12. y=x?1n4x

1
15. Y= ln("*x)

18. y=In, —



In(x? + 3)
Eln(ex +2)
In(e™)

§x2 In 4x

32. Using ln 5" In a - In b, or otherwise, show that if y = ln(

d
M Q- =2

33. Factorise a* + a*.

+2x

34. Ify=Ine TToe

d
Find the value of—y atx=-1.
dx

b
(Hint: Ini=]na+lnb—1nc)
c

Logarithmic leferentlatlon

............................................

adx

If y =In(1 + &*), show that zxy (‘) 29

dy d%y

O

dy\?

dx| dx’

Functions of the form 2%, x* or 3% are differentiated using ‘logarithmic differentiation’.

The method involves three steps:

1. Take natural logs of both sides and use the fact that In a* = x In a.
2. Differentiate both sides with respect to x, using implicit differentiation.

d
3. Multiply both sides by y to get ay on its own.

v A R G
Differentiate (i) 2~ i) x* wi

(ii) x* with respect to x.

Solution:

(i) Let y=2%
Iny=In2*
Iny=xIn2
1dy
———=In2
s In
dy

In2

dx =

=2"In2

(ii) Let y=x*

Iny=Inx*
Iny=xInx

1d 1
;ay=x(x)+lnx(1)

(using the product rule)

1dy
———-1+Inx
y dx

d—y=y(1+lnx)
dx

=x*1+1n x)
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| Exercise 12.9 ;‘

Use logarithmic differentiation to find the derivative of each of the following:
1. 3% 2. 5% 3. 3% 4. 43+!
5. 2~ 6. 2k 7. (sin x)” §., PFan

9. If f(x) = x4%, evaluate Fi(.

d
10. Ify=a%*a>0, aeR,showthatd—i=a"lna.

dy x-Yy Inx-1
. Ifx? = &%, show that —=—— fonih,
1. I =en show Bty = I x (In x)?



