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COORDINATE GEOMETRY OF THE CIRCLE

Equation of a Circle, Centre (0, 0) and Radius r

...........................................................................................

---------

ate A circle is a set of points (a locus) which are equidistant from a fixed point called the ‘centre’.

The distance from the centre to any point on the circle is called the ‘radius’.

yas On the right is a circle with centre (0, 0), radius r and (x, y) any point on the circle.

Distance between (0, 0) and (x, y) equals the radius, r.

nd s VE-0)2+(y-0)2=r (distance formula)

(x, )

Equation of a circle, centre (0, 0) and radius 7, is
x2+y2=r2

Two quantities are needed to find the equation of a circle:

b
P Vx2+y2=r
ful
3 x2+yi=r? (square both sides)
er Hence, x2+y2=r?is said to be the equation of the circle.
!

1. Centre 2. Radius

If the centre is (0, 0), the equation of the circle will be of the form x2+y?=r2,

Example -

Find the equations of the following circles, each of centre (0, 0):
(i) K,, which has radius Vi3 (ii) K,, which contains the point (4,-1).

Solution;

(i) Centre is (0, 0), therefore K| is of the form x2+ y2=r2,
x24yt=r?
Jc2+y2=(\/E)2 (put in Y13 for r)
x24y2=13

Thus, the equation of the circle K, is x2+y?=13.
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(i) Centre is (0, 0), therefore K, is of the form x*+y*=r2 y

x2+yi=r? '

D2+ (-1)%=r? (put in 4 for x and -1 for y)
16+1=r? K
17=r2 (0, 0)
Thus. the equation of the circle K, is x*+y?=17. 5 x
Alternatively, the radius is the distance from (0, 0) to (4,-1). thd)
Using the distance formula, the radius
V@-0)2+1-02=V16+1=V17.
((V17)?=17)

Thus, the equation of the circle K, is x2 +y2=17.

Example

Find the centre and radius of each of the following circles:
() x?+y?=8 (i) 4x?+4y?=25.

Solution:

@ oty (i) 4x2+4y2=25

2 2 id
Inhe fom_l Sing e x2yy?= z‘-j— (divide each side by 4)
. the centre 1s (0, 0) 4
r’=8 In the form x2+y2=7r2
r=Y8=22 . the centre is (0, 0)
-, the radius is V8 or 22, 2= 25
4
oo [25_ V35 5
A 2
ey
the radius is —-
2
Example -
In the diagram, the line L: 3x +y-10=01s y =
a tangent to the circle C. 2
Find the equation of the circle C. & 5
\
Solution: ‘5\\
<
As the centre of the circle C is (0, 0), its equation 0 x
is of the form x?+y?=rx
We need to find the value of 7.

The radius, r = perpendicular distance from the
centre (0, 0) to the line 3x+y-10=0.

Using the formula for the perpendicular distance

from a point to a line:




Yo, B e g e

e |ax; +by, +¢|
g | 3(0) + 1(0)- 10|
V32112

S
=== V10

Thus, the equation of the circle C is x?+y?=10. ((V10)2=10)

a=%b=1c==10x =0,y =0)

Exercise 1.1 w

In Q1 to Q14, find the equation of each of the following circles of centre (0, 0) and:

1. radius 2 2. radius 4 3. radius 5 4. radius V13
5. radius 12 6. radius 2V3 7. radius _;- 8. radius @
9. containing the point (3, 4) 10. containing the point (-5, 12)

11. containing the point (-1,-5) 12. containing the point (0, -3)

13. containing the point (-1, 1) 14. containing the point (2, -5)

Write down the radius length of each of the following circles:

15. x2+y%?=16 16. x2+y?=100 17. x%+y?=1

18. x%+y?=13 19. x2+y?=5 20. x2+y?=29

21. 4x2+4y2=9 22, 9x2+9y2=25 23. 16x2+16y2=1

24. Find the equation of the circle which has the line segment joining (3, -4) to (=3, 4) as diameter.

25. a(6, 1) and b(-6, 1) are two points. Find the equation of the circle with [ab] as diameter.

26. (6,-3) is an extremity of a diameter of the circle x>+ y?=45. What are the coordinates of the

“ other extremity of the same diameter?
27. What is the area of the circle x?+y?=407? Leave your answer in terms of 7.
Find the equation of each of the following circles, centre (0, 0) and having as a tangent the line:
28. 2x+y+5=0 29. 4x+y-17=0 * 30, x+3y+10=0
31 5x-y-26=0 32, x—y—4=0 33. x+2y-10=0




..........................................................

On the right is a circle with centre (h, k) and radius r, and (x, y) is any

point on the circle.

Distance between (h, k) and (x, y) equals the radius, r.

A VE-m)2+ (y-k)2=r
x=h)?+(y-k)2=r

(distance formula)

(square both sides)

Hence, (x—h)?+(y—k)%=r?is said to be the equation of the circle.

-----------------------------------------

(x, y)

The equation of a circle, centre (k, k) and radius 7, is
(x=h)2+(y-k)2=r2

Two quantities are needed to find the equation of a circle:

1. Centre, (h, k)

Then use the formula (x— )2+ (y—k)2=r2

2. Radius, r

Note: If (h, k)=(0, 0), the equation (x—h)2+(y - k)?=r? reduces to x2+y2=r2

Example <

Selution:

@) x-2)>+(y+572=9
Compare exactly to:
x-h)2+(y-k)t=r?

\5 2 4
x-2)2+(y+5)%=9
sh=2, k==5, r=3

Thus, centre = (2, -5) and radius = 3.

(i) Find the centre and radius of the circle (x—2)%+(y+5)2=9.
(ii) Find the equation of the circle, centre (1,-4) and radius V13.

(ii) Centre=(1,-4), radius =13
el b o
(x~h)2+(y—k)2=r?
(=1)2+(y+4)2=(13)°
@x=-D%+(y+4)%=13
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Find the equation of the circle which has the line segment from a(-4, 3) to b(2, 1) as diameter.

Solution: y

The centre and radius are needed.

The diagram on the right illustrates the situation.

Centre:

The centre is the midpoint of [ab].

—-44+2 3+1 -2 4
RO )=( 5

Centre=( )=(—1, 2).

B(2, 1)

Radius:
The radius, r, is the distance from the centre

(-1, D'to (-4, M or (2, 1).
Distance from (-1, 2) to (-4, 3)
r=Vca+ 12+ (3-2)2=VY3)>+ (1)2=V9+ 1=Y10
h=-1, k=2, r=10
Equation:  (x-h)2+(y-k)?=r?
e+ D2+ (y-2)*=(10)2
(x+1)24(y-2)2=10

Exercise 1.2 -

Find the equation of each of the following circles, with given centre and radius:

1. Centre (2, 3) and radius 4 2. Centre (-2,-4) and radius 5
3. Centre (-3, 2) and radius Y10 4, Centre (-3, 0) and radius V13
5. Centre (0, 2) and radius 3 6. Centre (-1, 7) and radius 3

Find the equation of the circle with:
7. centre (1, 2) and containing the point (2, 5) 8. centre (2,-1) and containing the point (6, 4)
9. centre (-1, 3) and containing the point (0, 5)  10. centre (~1,—3) and containing the point (3, 0)
11. centre (-2,-5) and containing the point (1, 1) 12. centre (4, -2) and containing the point (0, 0)

Find the coordinates of the centre and the length of the radius of each of the following circles:

13, (x-2)2+(y-3)2=25 14. (x+1)2+(y-2)%=9
15, (x-5)2+(y+7?=1 16. (x+5)2+(y+7)*=4
\17, x2+(y-5)2=10 18. (x-4)?+y*=13

1\2; a(5, 2) and b(1, 4) are two points. Find the equation of the circle with [ab] as diameter.




. The end points of a diameter of a circle are p(2, 4) and g(-4, 0). Find the equation of the circle.

21. a(-1, 5), b(5, 13) and ¢(-2, 12) are the vertices of triangle abc. c b
Show that the triangle is right angled at c.
Find the equation of the circle that passes through the coordinates a,

b and c.

a
22. Find the equation of the circle with centre (1, 3) and having the line 3x +4y+10=0 as a tangent.

23. Find the equation of the circle with centre (-6, 1) and having the line x+y+1=0 as a tangent.

General Equation of a Circle

...........................................................

The general equation of a circle is written as:

x2+y2+2gx+2fy+c=0

When the equation of a circle is given in this form, we use the following method to find its centre and
radius.

1. Make sure every term is on the left-hand side and the coefficients of x? and y? are equal to 1.
2. Centre=(-g,—f) = (-4 coefficient of x, -3 coefficient of y)

3. Radius=Vg2+f2—c  (provided g?+f%-c>0)

Notes: 1. The equation is of the second degree (highest power is 2).
2. The coefficients of x? and y? are equal.
3. There is no xy term.

Find the centre and radius of each of the circles:

() x2+y2-4x+2y—11=0 (if) x2+y2—8y+3=0.

Solution:

(@) x2+y2-4x+2y-11=0 (i) x2+y2+0x-8y+3=0 (put in Ox)
Centre = (2,-1) Centre =(0, 4)

Radius=Y(2)%+ (-1)%2+ 11 Radius =V(0)2+ (4)2-3
Va+1+11=Y16=4 ~Y0+16-3=V13




The equation of a circle with radius 518 x>+ y*—6x+4ky+20=0, keZ

(i) Find the centre of the circle and the radius length in terms of k.
(ii) Find the values of k.

Solution:

(i) x%+y?-6x+4ky+20=0 (ii) Given: Radius=5
Centre = (3, —2k) oo Vak2-11=5
Radius =V(3)? + (-2k)% - 20 4k2-11=25

=49+ 4k2-20 4k2=136
—Var2-11 k2=9

b=tV =43

Points inside, on or outside a circle

Method 1:

To find whether a point is inside, on or outside a circle, calculate the distance from the centre
to the point and compare this distance with the radius. Three cases arise:

;]
/r'
Inside On QOutside
1. Distance from the centre, to | 2. Distance from the centre to | 3. Distance from the centre to
the point is less than the the point is equal to the the point is greater than the
radius radius radius
. point inside the circle. . point on the circle. -, point outside the circle.

Method 2:

The equation of a circle can be of the form:
x2+yi=r
x-h)?2+(y-k)?=r?
x24y2+2gx+2fy+c=0
| If the coordinates of a point satisfy the equation of a circle, then the point is on the circle.
~ Otherwise, the point is either inside or outside the circle. By substituting the coordinates into
the equation of the circle, one of the following situations can arise:
1. LHS<RHS: the point is inside the circle.
2. LHS =RHS: the point is on the circle.
- 3. LHS>RHS: the point is outside the circle.

2
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Example

Determine whether the points (-3, -2), (5,~1), and (-2, 1) are inside, on or outside the circle
x24+y?2-2x+8y-8=0.

Solution: (using Method 2)
x2+y2-2x+8y-8=0
(-3)2+(=2)2-2(-3)+8(-2)-8=9+4+6-16—-8=-5<0
s (=3,-2) is inside the circle.
(5)%+(-1)>-2(5)+8(-1)-8=25+1-10-8-8=0
o (5,-1) is on the circle.
=2)%+(1)2-2(-2)+8(1)-8=4+1+4+8-8=9>0
. (=2, 1) 1s outside the circle.

substitute (-3, -2):
substitute (5, -1):

substitute (-2, 1):

Exercise 1.3 -

Find the equation of each of the following circles with given centre and radius, writing your
answers in the form x2+y2+2gx+2fy+c=0:

1. Centre (1, 2) and radius 3
3. Centre (-3, -5) and radius V17 4. Centre (2, 0) and radius Y10
5. Centre (0,~3) and radius 212 6. Centre (1, -1) and radius {5
7. A circle with centre (-1, 3) passes through the point (1,-1). Find the equation of the circle.

2. Centre (-2, 3) radius 5

8. A circle with centre (-3, -2) passes through the point (1, 1). Find the equation of the circle.

Find the centre and radius length of each of the following circles:

9. x2+y?-6x-8y-11=0 10. x?+y2-4x-6y-3=0

11, x2+y?-2x+4y-4=0 12, x2+y2-10x+2y+6=0

13. x2+y%24+8x-6y=0 14. x2+y%+2x-10y-10=0

15. x2+y%2+6x-7=0 16. x2+y?=4y+4

17. 2x2+2y?-2x-6y-13=0 18. 9x2+9y?—6x+54y+46=0
19. x-2)(x+4)+(y-1)(y-5)=3 20. (x-3)x+3)+(y+2D(y+6)=0

In each of the following, determine whether the given point is inside, on or outside the given circle:
21. (3,-2); x?*+y*=13 22. (5, 3); (x=3)2+(y-2)2=20
23. (4,-1); x*+y?+6x-4y-3=0 24. (-1,5); xZ+y?+4x-6y-25=0

25. (4, 3); x2+y?—dx+2y-15=0 26. (-1,4); x%2+y2+10x-6y+21=0

“27..The circle C has the equation x2+y?+2x +2y-32=0.

The point (-4, k) lies on C. Find the two real values of k.
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28. The circle S has the equation (x—4)2+ (y-2)%=13.
The point (p, 0) lies on S. Find the two real values of p.

Cee

tadie
'#29. The equation of a circle with radius length 4 is x2+y2—6x+2y+k=0, keZ. L. i ) i -

Find the value of k. ;
30. The equation of a circle with radius length 6 is x2+y?-2kx+4y-7=0, keZ. = Yetag o g

%o gty 43" - 4
(i) Find the centre of the circle and the radius length in terms of k. ®
(i) Find the values of k.

\ 31, The equation of a circle with radius length 5 is x?+y2+2x ~4ky+12=0, keZ.
Find the values of k.

32. a(k, 1) and b(-7,—k) are end points of a diameter of circle C.
If the centre of C is (2, -5), find the value of k, and the radius length of C.

33, a(-2, 0) and b(6, 2) are points of a circle of centre c(2%, k).
¥ (i) Expressinterms of k: (a) |ac|® (b) |bc]|?
(ii) Find the value of & and the equation of the circle.

Plovmg that a Locus is a Circle

.................................................................

If the locus of a set of points is of the form x2+y?+2gx+2fy + ¢ =0, then the locus is a circle and we
can find its centre and radius.

Example

p(1, 2), g(1,-1) and r(x, y) are points such that 2| gr| = | pr]|.
Show that r(x, y) is on a circle. Find the centre and the length of the radius of the circle.

Solution:

p(I? 2)* q(l,—l), r(x, )7)

lgr] =Vx— 12+ (y+ 1)2=Vx2= 2x+ 14+ y2+ 2y + 1 =Vx2+ y2- 25+ 2y + 2
lpr| =Vx— D2+ (y-2)2=Vx2—2x+ 1+ y -4y + 4=Vx24 y2—2x—4y+5

' Given: 2|gr| =|pr|
Wx2+y2-2x+2y+2=\x2+y2-2x—4y+5
Va2 432 2x+ 2y + 2)2=(Vx2+y2 = 2x— 4y + 5)2 (square both sides)

A2 +y2=2x+2y+2)=(x?+y?-2x -4y +5)

Ax2+4y2-Bx+8y+8=x2+y2-2x—4y+5

3x2+3y2—6x+12y+3=0
’ x2+y2-2x+4y+1=0 (divide both sides by 3)
- This is the equation of a circle, as it is written in the form x> +y2+2gx+2fy+c=0.
x%4y2-2x+4y+1=0
| Centre=(1,-2)  Radius=Y(1?+(-2)> - 1=V1+4-1=V4=2




Exercise 1.4 -

1. p(1, 5), g(-5,-3) and r(x, y) are three points such that pr Lrq.
(i) Find, in terms of x and y, the slope of: (a) pr (b) rg.

(ii) Hence, or otherwise, find the equation of the circle that passes through p, g and r.

2. p(1, 0), (4, 0) and r(x, y) are points such that 2| gr| = | pr|.

Show that #(x, y) is on a circle. Find the centre and the radius length of the circle.

3. a(0,-1), b(6,-1) and c(x, y) are points such that 2| ac|=|bc|.

Show that the locus of ¢ is a circle. Find the centre and radius length of the circle.

4. a(2,-1), b(10, 15) are two points. A point c(x, y) moves such that 9] ac |*+288 = | bc %
Show that the locus of ¢ is a circle. Find the centre and radius length of the circle.

Parametric Equations of a Circle

...................................................................

A circle may be defined by a pair of parametric equations. On our course we shall meet two types of

parametric equation.

1. Trigonometric Parametric Equations

x=h*rcos 6, y=k+rsin 0

are the parametric equations of the circle
(x-m)?+(y—k)?=r2

We use the fact that cos? 8+sin” 8=1.

The parametric equations of a circle are x=—2+ V3 cos 0. y=1 +V3 sin 6.
Find its Cartesian equation. Find its centre and radius length.

Solution:
x=-2+V3 cos 6 _y=1+\[§si_n6‘
x+2=V3 cos 6 y-1=\/§sin9
x+2 . y=-1
e 0510 Z__=5in8
% E
2 = 2
Thus, (ﬁ%) +(y_{) =cos” O+sin? @
V3 V3
2 SN2
(x+32) + ¥ 3-1) =1 (cos? B+sin? 0=1)
(x+2)2+(y-1)2=3 (multiply both sides by 3)

The centre is (-2, 1) and the radius is \@

This is the Cartesian equation of the circle, as it is in the form (x—h)2+(y—k)*=r2




2. Algebraic Parametric Equations

We can also represent the equation of a circle with x and y written as algebraic functions of the
parameter ¢. For example:

6 30-1)
“1r2 7T 142

| Lample R e L QeS|

1-#2 2t
» = —
T e
Find its Cartesian equation. Write your answer in the form x? 4 y?=r2

The parametric equations of a circle are x=

Solution:

2 1+12 1+1¢2
12ttt 5 412
1E2¢5" - TaZ2itdrt
14287444

T 142e241%
=1
Thus, the Cartesian equation is x2+y2=1.

(same base)

Exercise 1.5 w

Find the Cartesian equation of each of the following circles:

1. x=2 cos 6, y=2sin 6 2. x=Y3 cos 6, y=Y3 sin 6

E 3. x=1+cos 6, y=2+sin 6 4. x=-3+cos 6, y=4+sin 0

E 5. x=3+2cos 0, y=5+2sin 0 6. x=—2+3cos 9, y=-5+3sin 8

| 7. x=1+4cos 6, y=—2+4sin 0 8. x=-5+5c08s8, y=3+5sin6
9. x=3+Y2 cos 6, y=—5+\/§sin6 10. x=-2+Y8 cos 6, y=1+\/§sin6
11. x=-3+}cos 8, y=-1+1sin6 12. x=3+%cos§, y=-2+Lsin6

: Find the Cartesian equation of each of the following circles, writing your answers in the form
x2+y2=Fk. Find the radius in each case.

13. x=t, y=1+V9-¢2 14, x=t-1, y=+¥3+2:-1¢2

Y
15, x=2, y=+VI6— 47 15, sim iy
142 1+t
2_ 2_
17. x= L4 i B, ey it =

2+4 T 44 el ?+1




20. The parametric equations of a circle are x=

19. The parametric equations of a circle are x=a+3acos 8, y=-2a+3asin 6,
Find its Cartesian equation. Find, in terms of g, its centre and radius length.

a(l-1%)

2at
ae

Find its Cartesian equation and its radius length.

1412

¥= 1+1¢2

aeR.

R.

Sometimes we have to deal with algebraic parametric equations where the centre of the circle is not

(0, 0). Consider the next example:

Show that the parametric equations x= # 3
its centre and its radius length. 1+t
Solution:
o 2t 3417
e TR
(Begin with y as it contains 72, but not )
e i 2t
sy S 14
4t*
+t7y=3+12 xi=——
i 1 +197
=)
2y 12L3 oy Shop el
Ay
y—1

t(y=1)=3-y

3412

T

(

» teR, represent a circle, and find

square
both sides

put in
3=y

2=
f y—l




x?=@-yXy-1)
x2=3y-3-y%+y

x2+y?-4y+3=0
This is the equation of a circle, as it is in the form x?+y? +2gx+2fy+c=0.
Its centre is (0, 2) and its radius length =¥02+22-3=V4-3=V1=1.

Find the Cartesian equation of each of the following circles. Find its centre and radius length in each
case:

_Bat* U 9 po L 2
I+ 7 1+8 T4 YT 14

Intersection of a Line and a Circle

.......................................................................

To find the points where a line and a circle meet, the ‘method of substitution’ between their equa-
tions 1s used.

The method involves the following three steps:

1. Get x or y on its own from the equation of the line.
(Look carefully and select the variable which will make the working easier.)

2. Substitute for this same variable into the equation of the circle and solve the resultant quadratic
equation.

3. Substitute separately the value(s) obtained in step 2 into the linear equation in step 1 to find
the corresponding value(s) of the other variable.

Note: If there is only one point of intersection between a line and a circle, then the line is a tangent
to the circle.

| The equation of a circle is x2+y? +4x-2y—-5=0.
- The line x— 2y -1 =0 intersects the circle at the points p and g.
Find the coordinates of p and the coordinates of g.

~ Solution:
1. Get x or y on its own from the line:

x=2y-1=0
x=2y+1) [x on its own]




2. Substitute (2y + 1) for x into the equation of the circle:
x24y24d4x-2y-5=0

2y £1)%+y%+4(2y+1)-2y-5=0 [put in (2y + 1) for x]
4y?+4y+1+y*+8y+4-2y-5=0
5y*+10y=0
Y +2y=0 [divide both sides by 5]
y(y+2)=0

y=0 or y=-2
3. Substitute, separately, y=0 and y =~ 2 into the equation of the line in step 1 to find the x

coordinates:

y=0 y=-2

x=2y+1 x=2y+1

x=2(0)+1 x=2=2)+1

x=1 x=—4+1=-3

point is (1, 0) point is (-3,-2)

¥
Thus, the coordinates of the points of x24+y24dx-29-5=0
intersection are T 0
p(=3,-2) and ¢(1, 0). SR }}'E/V
The diagram on the right illustrates the situation.
4 P(—3, "'2)

L:3x—y+8=0is aline and C: x2+y?—4x—8y+10=01s a circle.
Verify that L is a tangent to C and find the point of contact.

Solution:
As we need the point of contact, we use an algebraic approach.
1. Get x or y on its own from the line:
3x-y+8=0
~-y=—3x-8
y=(3x+8) [v on its own]
2. Substitute (3x + 8) for y into the equation of the circle:
x2+y2-4x-8y+10=0

22+ (3x£8)2-4x-8(3x+8)+10=0 [putin (3x+8) for y]




Since there is only one point of contact, (-1, 5), =
between L and C, the line L is a tangent to the circle C. /

The diagram on the right illustrates the situation.

x2+9x2+48x+64 —4x - 24x-64+10=0
10x2+20x+10=0
x2+2x+1=0
(x+1D)(x+1)=0
x=—-1 or x=-1
3. Substitute x=— 1 into the equation of the line in step 1 to find the y coordinate:

x==1
y=3x+8
y=3(-1)+8
y=-3+8

y=5 /
point of contact (-1, 5) L /

L]
2.4

Note: To show that a given line is a tangent to a circle, it is sufficient to show that the perpendicular

distance from the centre of the circle to the line is equal to the radius. However, to find the
point of contact an algebraic method (as shown above) is required.

Exercise 1.6 w

Find the coordinates of the point, or points, of intersection of the given line and circle. State whether
or not the line is a tangent to the circle.

1. 2

. x+3y-5=0; x2+y*=5 4. 4x-y-17=0; x%+y%=17
6
8

T g s e

11.
13.
14.

3
5.
7. 2x-y+8=0; x2+y%+4x+2y=0
9

x-3y=0; x%2+y?=10 . x+2y-5=0; x?+y?=10

x-y-1=0; x2+y?-2x-2y+1=0 . x—2y-1=0; x%2+y?+2x-8y-8=0

. x-3y+5=0; x%+y?-6x-2y-15=0

L x+2y-7=0; x%2+y*-2x+4y-15=0 10. x—4y-6=0; x>+y?+6x-4y-4=0

5x-3y-17=0; x%2+y%=17 12. 3x+2y-20=0; x?+y?-6x+2y-3=0
The line x — 2y - 3 =0 intersects the circle (x—2)2+(y+3)?=25 at p and ¢. Calculate | pq|.

The equation of a circle is (x—2)%+(y-1)?=10.

The line x - 3y + 1 =0 intersects the circle at points a and b.
(i) Find the coordinates of a and the coordinates of b.

(ii) Investigate whether [ab] is a diameter of the circle.




If the centre and radius are given, or can be found, then using the formula
(x-h)2+(y-k)?=r?

is the preferred method for finding the equation of a circle.

However, for many questions it is difficult to find the centre and radius.

In these questions we have to use an algebraic approach, or rely on our knowledge of the geometry of

a circle to find the centre and radius.

Note: In some questions we can only use an algebraic approach. ‘
In using an algebraic approach, we let the circle be x* +y*+2gx+2fy+c=0 and use the
information in the question to find g, fand c.

Given three points p, g and r on the circle

Method 1: Algebraic Approach

Let the equation of the circle be x>+ y*+2gx+2fy+c=0.
1. Substitute each point into this equation.

2. This gives three equations in three unknowns: g, f and c.
3. Solve these equations for g, fand c.

4. Put these values back into the equation.

~

Method 2: Geometric Approach

1. Find the equations of the perpendicular bisectors M, and M,
M, of the chords [pq] and [gr], respectively.

(The perpendicular bisector of a chord passes through the centre.)
2. The centre of the circle is é=M1 HMZ. Sl
(Solve the equations of M, and M, simultaneously.)
3. The radius is the distance from ¢ to p, g or 7.
4. Use the formula: (x-h)2+(y—k)2=r2
Note: There is only one circle that contains the points p, g and r.

Example <

Points p(-4, 2), g(=2, 6) and r(4, 8) are on a circle §. Find the equation of S.

Solution:

Method 1: Algebraic approach
We are given three points on the circumference of the circle.
Let the equation of the circle be x2+y?+2gx+2fy+c=0.




We need the values of g, fand c.

(-4, 2) on the circle: (—4)2+(2)?+2g(-4)+2f2)+c=0 = 8g-4f-c=20 @
(-2, 6) on the circle: (=2)2+(6)%+2g(-2)+2f(6)+c=0 = d4g-12f-c=40 @
(4, 8) on the circle: (4)%+(8)2+2g(4) +2f(8) +c=0 = 8g+16f+c=-80 @
We now solve between the simultaneous equations @, @ and ®.

Eliminate ¢ from two different pairs of equations:

8g-4f-c =20 @ 4g-12f-c=40 @
8g+16f+c=-80 @ 8g+16f+c=-80 ®
16g+12f =-60 (add) 12¢g+4f =-40 (add)
4g+3f =-15 @ 3g+f =-10 ®
Now solve between @ and ® to find the values of g and f.
4g+3f=-15 @ 3g+f=-10 ®
-9g-3f=30 ®x-3 3(-3)+f=-10
-5g=15 -9+f=-10
S5g=-15 f=-1
g=-3

Put g=-3 into @ or ®.
Put g=-3 and f=-1 into @, @ or @ to find the value of c.

8g-4f-c=20 @ The equation of the circle § is:
8(-3)-4(-1)~¢c=20 x2+y24+2gx+2fy+c=0
24 +4-¢c=20 x2+y242(=3)x+2(-1)y-40=0
_20-c¢=20 (put in g=—3, f=—1 and ¢ =—40)
-c=40 x24+y2-6x-2y-40=0
c=-40

Method 2: Geometric approach

The diagram on the right represents the
situation. 4(-2, 6),
We find the equation of M, the perpendicular

bisector of [pg], and then the equation of M,, the
perpendicular bisector of [gr]. The centre, c, is the p(-4,2)
point of intersection of M, and M,. The radius is

i~

[pel. Ige| or [re].

. 4 <
Slopeoqu=——_i-g=§=2 Slopeofqr=%+_6~=_2_=l

= Slope of M, =~ % . Slope of M,=-3




—4-2 2+6
gEr . vn
=a(-3,4)

Midpoint of [pq] = a(

(y—y) =mx—x;)
(y-4)==3(x+3)

2y-8=-x-3
M:x+2y-5=0

The radius of S is | pc| or | gc| or | rc|.
p(_4, 2): 6(3! 1)'

Equation of M, [slope =~ %, point=(-3, 4)]:

-2+4 6+8
pEE i
=b(1,7)
Equation of M, [slope=-3, point=(1, 7)]:

)

Midpoint of [gr]= b(

(J""J’1) =m(x —x;)
(y=7)=-3(x-1)

y—T=-3x+3
M, 3x+y-10=0

Solving the simultaneous equations M, and M, gives the centre of the circle ¢(3, 1).

Equation of S:

[pe] =V, - %)%+ (7,- y)2=Y3 + 42+ (1-2)2=V(7)?+ (-1)2=Y29+ 1 =\50
Thus, the centre of § is (3, 1) and the radius length is V50.

x=h)?+(y-—k)?=r?
(x=3)%+(y-1)=(¥50)?
(x—-3)2+(y-1)2=50
or
x2+y2-6x-2y-40=0

Exercise 1.7 -

Find the equation of the circle which contains the points:

1. (2,2), (6, 4) and (4, 8)
3. (0,0), (4, 0) and (6,-2)
5. 4, 1),(-2,1) and (2, 3)

2. (-3,-4), (-5, 2)and (1, 8)
4. (10,-2), (-2, 4) and (2,-2)
6. (-2,-1), (0,-5) and (1,-2)

Given two points p and ¢ on the circle and the equation of a line, L, containing the centre

c-g,-f)
Method 1: Algebraic Approach

3
4. Solve these equations for g, fand c.
5

Let the equation of the circle be x2+y%+2gx+2fy+c=0.
1. Substitute each point into this equation.
2. Substitute (-g, —f) into the equation of the given line.

. This gives three equations in three unknowns: g, f and c.

. Put these values back into the equation.




Method 2: Geometric Approach

4. Use the formula (x—h)2+(y-k)2=r2

1. Find the equation of M, the perpendicular bisector of [pgq].
2. Solve the simultaneous equations L and M to find the centre.
3. Find the radius 7, the distance from the centre c to p or g.

on the line x -2y + 11=0.

Solution:
Method 1: Algebraic approach

The centre (—g,—f) is on the line x -2y + 11 =0.
Thus, (—-g)-2(-f)+11=0 = g-2f=11 ®
Eliminate ¢ from @ and @:
8g-2f-c=17 @
6f+c=-9 @
8g+4f=8 (add)
26+f=2 @

g-2f=11 @
4g+2f=4 @Dx2
S5g=15
g=3
Put g=3 into ® or @.

6f+c=-9 @
6(-4)+c=-9
-24+c=-9
c=15

P e AT R

Find the equation of the circle that contains the points (-4, 1), and (0, 3) and whose centre lies

We are given two points on the circumference and the equation of a line containing the centre.
Let the equation of the circle be x?+y?+2gx+2fy+c=0.

(-4, 1) on the circle: (-4)2+(1)>+2g(-4)+2f(1)+c=0 = 8g-2f-c= 17 @

(0, 3) on the circle: 02+ (3)*>+2g(0)+2f(3) +c=0 = 6f+c=-9 @

Now solve between @ and @ to find the values of g and f:

2+f=2 @
2(3)+f=2
6+f=2
f=-4

Put g=3 and f=—4 into @ or @ to find the value of c.

The equation of the circle is:
x2+y2+2gx+2fy+c=0
x2+y2423)x+2(-4)y+15=0
(putin g=3, f=—4 and c=15)
x2+y?+6x-8y+15=0

Note: Using Method 2, the geometric approach gives the same result.




Note: A line perpendicular to a tangent at the point of L
== tangency passes through (contains) the centre of
the circle.

Given two points, p and ¢, on the circle and the equation of the tangent at one of these points

Method:

1. Find the equation of L, the line perpendicular to the
tangent T passing through the given point of contact.
This line will contain the centre c.

2. Now we have two points on the circumference of the
circle and the equation of a line that contains the cen-
tre of the circle.

3. Use an algebraic approach (as in the previous exam-
ple) or use a geometric approach.

where the line 2x—y +4 =0 is a tangent at the point a(-3, -2).

Solution: M\/

Find the equation of the circle which passes through the points a(-3, -2), and b(0,~1) and

Method 2: Geometric approach

The diagram on the right represents the situation.

Find the equation of L, the line that is perpendicular to
the tangent at the point of contact a(-3, -2). This line a(-3,-2) K
contains the centre. Find the equation of M, the perpen-
dicular bisector of [ab]. The centre c is the point of inter-
section of L and M. The radius is |ac| or | be|.

The slope of the tangent Slope of ab= Sl = 1
0+3 3

2x-y+4=01s 2 =. slope of M=-3.

~. the slope of Lis—3. Midpoint of [ab] =( s

b(0, -1)




