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If f(x) = i evaluate f (5)
Solution:
oz
f@)= X +COS X
) = (x + cos x)(2x) — x*(1 - sin x)
F@= (x + cos x)?
s 7 w\? .o
o (§+ cos a—)(n)-—(i) (1 = smE)
f(?’f)” T
L)

7 e

2

(quotient rule)

Don’t simplify:

ut in x =
P By

7 m? P
e = [ s
(2)(&1) ( 1 )( ) 5 o
=———-—-”2—— =;2- = nz =2
Bl
1. y=sindx 2. y=cos 3x 3. y=tan2x
4. y=sec Sx 5. y=-cosec 6x 6. y=-2cotdx
7. y=sin(2x - 3) 8. y=tan(3x+2) 9. y=2tanx+secx
|
10. y=x?sinx 11. y=3xtanx 12. y=x?cos 2x
5 | s
- 14. y= 1. i, g LT
_ X 1-sinx COS X
16. y=cos®x 17. y=sin®4x 18. y=tan* 3x
19. y=(1+sin®x)* 20. y="Vsinx 21. y="cos 2x
B, o RO e ) =,
f® cos x —8in x B L 1 -sin 2x
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23. If y = cos 3x, show that - -9y.

24. If y =3 cos x + sin x, show that:

d d? d
(i) cosx(ay)+ysinx—1=0 (i) d—xZ—B(ay)+2y—IOSinx=0.

25. If f(x) = sin x cos x, evaluate f '(%)

d
26. If y=cos2x+2 sin x, evaluateExXatx=%.

sin x .
27. f(x)= m . Evaluate f'(0).

Implicit Differentiation

.................................... tvresaneaan

If y = f(x), the variable y is given explicitly (clearly) in terms of x.

For example, y = x> — 2x% + 5x - 4 is an explicit function.

Some curves are defined by implicit functions, that is, functions which cannot be expressed in the forn
y=f).

For example, x? + xy + y* = 7 is an implicit function.

It cannot be written in the form y = f(x).

It is for this reason that we must have a method for differentiating explicit functions.

An implicit function involving x and y can be differentiated with respect to x as it stands, using thi
chain rule.

Method for differentiating implicit functions:

1. Differentiate, term by term, on both sides with respect to x.

d
2. Bring all terms with d—i to the left and bring all other terms to the right.

3. Make g—i the subject of the equation.

It is useful to remember that, by the chain rule,
d dy d dy
(v = S d Wz 3 — 3 27
](y)2ydx an dx(y) Y

as y is considered as a function of x.

d Hy n-1 Ell
a}"()’ )=ny (dx)
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d
Given that 2x3 + 3xy> = y*+ 6 =0, evali.late—cix-)l at the point (-1, 1).

Solution:

(use product rule here)

2x3+3xy* - y2+6=0

dy dy
62+ 3x. 2y — + yA(1)|-3y*—==0
3[ Y4 Rl )} Yoy

dy dy s :

612 + 6xy —+ 3y2 - 3y> —= divide each term by -3

+ xydx+3y ¥ T 0 (divi y -3)
dy

dy
6xy ——3y2 —=-6x*-3 2
Xy y 6x” -3y

dy S T

Ex—(éxy—3y)——6x =3} i
dy_—(ixz—l%yz_2,7c2+yz_.2x2+y2
dx  6xy-3y2 ¥ -2y y-2%)

| _AD@? 3

T T

d
Note: To evaluate Ei— we used both coordinates of the point.

| Exercise 12.4 w

d
For each of the following curves, eXpress Eici in terms of x and y:

1. x2+y2=4 2. x2+2y—y2:5 3. x2-6y’+y=0
4, x2+y2-4x-6y+9=0 5. x2+xy+y*=13 6. x?+3xy+2y>=6
7. x’y-5x=2 8. xy*+x’=2 9, x*y+xy*=2

. d . .
Find the value of a% at the point specified:

~ 10. x?+ y?=25 at the point (3, —4) 11. x2+xy+2y*=28 at the point (2, —4)
S 12, X7y - 2y? - 8 = 0 at the point (0, 2) 13. x®+y%+3x%y=21 at the point (2, 1)
14. Find the slope of the tangent to the curve y2 + 3xy + 2x* = 6 at the point (1, 1).

2 i
By 15. Find the slope of the tangent to the curve x siny+y*=1+ %— at the point (1;2—).

d d
Note: = (siny)=cosy é .

&
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| i Parametric Differentiation
1 ‘ lllllllllllllllllllllllllllllllllllllllllll TR EE R RN
; If x and y are each expressed in terms of a third variable, f say (or 6), called the parameter, then x = f(¥)
1 and y = g(1) give the parametric forms of the equation relating to x and y respectively.
L d
,3 '; ' To find a% do the following:
| Sody (dy dy dy dr dt
. Find — = ; 4 Sl i mra e
1. Fin o and Pl separately 2. Use TN
dt
W [
e
e
' . 3 22 dy .
(i) Ifx=4randy=(1+ 31%)*, express = in terms of f.
fi : dy
g Hence, or otherwise, evaluate = when t = -1.
ol . . ; dy
i (ii) Letx=a(cos 6 + ¢ sin ) and y = a(sin 6 - 6 cos 0); show thata;= tan 6.
T
az0,~m<O<m and 6 + :I:E
Solution: -
x =4 }7=(1+312)2
(chain rule)
dx ; dy
ey P s 2y(6f) = 124(1 + 3¢
5 = 2(1 +3t3)1(61) = 124( +3t%)
dy
dy dr 121+ 3re L 312
b, A 3
dt
d a2
dy & +3(-1) =1+3=jl_=_4
dociloey -1 -1 -1




1enx = f(t)

(ii) x=a(cos 6+ 0 sin6H) ¥y =a(sin 6 — 6 cos 6)

dx : d :
@=a(—sin€+6.cos 8+sinf.1) d—z=a[cos 0 -(6.-sin 8 +cos 6.1)]
=a(-sin § + 6 cos 6 + sin H) =a(cos 0 + 0 sin 6 — cos 6)
=qf cos 0 = a6 sin 6
dy

dy _@_aﬂsinﬂ_sine_

=—= = =tan 8
dx dx afcos@ cosé
de
rExercise 125 -
d
Find =, in terms of 1, if:
dx
1. x=2t Cy=142 2. x=2t+3, y=2¢
3. x=t2+1, y=1 4, x =34, y=2t+5
5. x=t(1-1), y=H1-1?) 6. x=6t+5, y=2t-1)*
1
9 x=?, y=t*+4¢ 8. x=2t, y=5t+4
1 1 t? 2
. =1 g =i 10. = d -
E: * T3 Y=Er3 ST Y 147
t-2 t+2 d
1 x="—Zandy="2 1t 2 =k, find the value of k.
t+1 t+1 dx

E 2 d d
#ﬁ-ﬁl Ifx= L and y = 3¢% - 1, express _dy in terms of 7. Evaluate = at the point (2, 2).

3t-1 e

dy
Ifx= and y=———, express — in terms of t.
x ¥ t B dx ©

Find the values of ¢ for which % =0.

d
. If x =2t + sin 21 and y = cos 21, showthaté=—tant.
dy
. If x = sec f and y = tan 6, show that T cosec 6.
: a0y
s Ifx=k(9—sm8)andy=k(l—cosG),kER,fmdd—.
X

d d
. Given y =sin 0 cos 8 - 6 and x = 2 cos 6, show that (i) d—z =-2sin? 6 (ii) EZ =sin 0.
x

d
. Ifx=3cosa—4sin9andy=4cos()+3sint?,evaluateayaw:%.
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Rid: dy\?

i 19. If x = sin § and y = sin nf, where n € R, show that (1 - xz)(ExX) —n¥(1-yH=0.
: 20. x=k(1+cos @), y=2ksin?@, where 0< 6 < and kis a positive constant.
1 i d
bl () Find &% in the form p cos 6 where p € Z.

(i) Find, in terms of k, the coordinates of the point g where 6 = tan™ £k

........................................................................................................

The rules for differentiating also apply to inverse trigonometric functions.
The following are in the tables on page 41, but they are shown only for x.
The chain rule is used throughout, assuming u is a function of x.

d
Replace a with 1, x with u, and always multiply by d—l; .

i Basic rule (page 41 tables) Chain rule
] du
! f(x) f') fw) i) —
i i dx
r. ’ Siﬂ_l E 1 e 1 du
I - S
E | tan! = o vart 1 du
a a’+x? 1u* dx
1 Note: The derivative of cos™ u is not in the syllabus.
o A
oy : dy 1
i) Ify=tan’!{——| showthat —=—5——~, -1.
@ 2 (1+x) SR T W

(i) Given y = sin"'(3x — 1), calculate the value of % atx=1

Solution:

o = ——x
Yo (1+x)

(qu_otient rule)
dy 1 (A+9ED-0M) %
dx s da ( L+x)? ) ol
1+ m) 2 . 1 d_u
dr 1+u® dx




1
1+x

. 1 { l+x-x
= e 102
1+ ,
d+x)?
collami el 'multiply the top and bottom
TR (R of the first fraction by (1 + x)*
1
Td+0%x
: 1
] T2
[HonNs - 1
22+ 2x+ 1
(i) y=sin~'(3x - 1)
d_y=_.__1____....(3) y=sin~u
A VIR T dp ol dn
=._.~.__3_____. dx & 1 —_ uz dx
VI-(3x-1)
dyilioeaadng 5 § 2 3
de| , VI-(0) V1 1
u
5 )
d; | Exercise 12.6 w
dx . dy :
: Find i for each of the following:
1. y=sin"!2x 2. y=tan! 3x 3. y=sinl(x-1)
7 . y=tan"'2x + 1) 5. y=tan! x® 6. y=sin! 2x*
. y=(sin"! 5x)° 8. y=tan~'(> 9. y=sin!(>
3 3 2
E . y=sin"(cos x) 11. y=xsin'x 12. y=6xtan™' 2x
. Given y = sin"!(4x — 1), calculate the value of % at x =% ;

1 dy
. Gi =tan~'|—|, show that — =~ .
wen y an (x) SNow tha d.x 3

d
. Given y = tan'(cos x), calculate the value of EZ at x =% .
x

il x dy a
5 = —|, sh =
If y=tan (a). show that i

. Explain why p\N1-g=\p*-p%q, p,q€R.

d 1
I y = sin"![ 2], show that =% = .
a dx a2’ - x2

&
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18. f(x)= % sin”! (%) Show that f'(¥2) =—

2 8
19. Ify=tan"'x, showthat%;(1+xz)+2x%=0.
20, Ifu=1ii,showthat%=(—l—_x—)2.
Hence, if y= tan'l(i ti) find % .
Verify that Zx(g—i—})z + % =0.

a
21. Explain why Va=—,a€R, a#0.
\a

d
Given y = sin! x + xV1 - x2, show that ay =21 -x2

...................................................................................

The rules for differentiating apply also to exponential functions.

Exponent is another word for index. A function such as y = 2%, in which the variable occurs as an
index, is called ‘an exponential function’.

The function y = e* is called ‘the exponential function’ or ‘natural exponential function’.

¢ is an irrational constant whose value is 2.71828 correct to six significant figures.

¢* is the only basic function which is its own derivative. That is:

Note: The positive number ¢ behaves just like other positive numbers such as 2 or 5.
¢” obeys all the usual laws of indices or exponents.

Using the chain rule:

Suppose u is a function of x.
If y=¢e*
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Note: The quotient rule could also be used.

Eowi v R S g

d : > _
Findayif @ y=e™™> (i) y=— (i) y=e®E () y=p

o
Solution:
@ dy=e*2'3‘ (i) y=—m=2e®
ExJ_’ =¥ ¥(2x-3) dy _ 2e-9_3)
= (2x - 3)e* ¥ dx
=—6e ¥ = —-%
(i) dy=esi“2* (V) y=Tg=xe®
Ei—? = e ¥(cos 2x)(2) (use the product rule)
= (2 cos 2x)e’m & Ay, xe oy e (1)
=-2xe P +e ¥
=e™(1-2x)= 1;—23‘*

B e o
: 42 y

d
- If y = xe™, show that —d—x; +2—=

Solution:

dx+ymO.

y=xe™>

% =x[e (-] +e*(1) (product rule)

=—xeF+e”
=e 1 -x)

d2

ﬁ?{ =e ™ (=1)+ (1 -x)[e™(~1)] (product rule, again)
=—e*+(l-x)(-e™)
=—e*t—e ¥+ xe™
=xe*—2e™*
=e M (x-2)
d’y dy
P +2 a + y
=eMx-2)+2[e (1 -x)] + (xe™)
=xe " —2¢e*+2e*~2xe* +xe™
=e7(x-2+2-2x+x)=e7(0)=0.

&




T S S ey
2 i) “4-“4 e - ‘\' - -.?‘._ \!

| Exercise 12.7 w

d
Find ay for each of the following:

1.

5.
9.
13.

17.

21.

23.

25.

26.

27.

28.

29.

30.

31.

y=e¥ 2. y=2e¥ 8 y=" 4, y=e" ¥
3 2

§=t 6. y=e™ 1. =g 8. y g
y_:esinx 10. y=ecos?.x 11. y=e4mnx 12. y=exsmx
y = xe* 14. y=x%e* 15. y=e¥cosx 16. y=e¥sinx

2

1
y=e£2; 18. y=(3+e"l)4 19. }’=—'—"'f3 oz 20. y="1-2*
1+¢* 2e* bl y .
If f()c)=1 ex,show thatf’(x)=a—x)5. If f(6) = e **?, evaluate (i) f(0) (i) /"
- -e
d? d d- d
Ky=e”,showthata%—3£—+2y=0. 24. Ify=xe"2x,showthatax—z+4ai+4y=0.
d? d
Ify=e"sinx,showthatax—);—zay+2y=0.
d2
Giventhaty=x+sin‘1x,showthat(l—x2)-—z-x§z+x=0.
dx dx

o o dly | dy
Ify=e ,fmdthevaluesokaRforwhlcthF—3Ex—+2y=0.

2t t dy t
Ifv=e andx=e,showthata;=2e.

dy 1t+1
If v = te’ and x = 12", show that —= .
y = te' and x = t“e’, show adx P

Given y = ¢ cos 6 and x = €° sin t?,where—§E << E, show that o 2+ — 2=2f£2".
4 4 de de

dy 7
Evaluate —at 6=—.
valuate -~ 2 5

3 dy . dy 5 .,
Ify=e™cos kx,n, k€ R,showthatd—x§+2nax—+(n +k5y=0.

Logarithms to the base e are called ‘natural logarithms’.
The notation In x is used as an abbreviation of log, x.

The function y = In x is the inverse function of y = e*
(exponents and logs are inverse functions of each other).

Note: log, x or In x is defined only for x > 0.

&

----------------------------

------------



-5x

2 s
Csinx

- 2e4x
) Gi) £ (;’)

+4y=0.

2e%

Natural logarithms obey the same laws as logarithms to any other base.

Laws of Logs: nab=Ina+Inb 1{1%-—-1na—1nb Ina"=nina

Using the laws of logs before differentiating can simplify the work.

The following is worth remembering when evaluating the derivatives of natural logarithmic functions:

Ine*=k,  foranyk€R.

For example,
Inl1=Ine®=0, Ine=Ilne'=1, Ine?=2, InVe=1ne'?=

2=

The rules for differentiating also apply to natural logarithmic functions.

Suppose u is a function of x.

If y=lnu
dy 1 du
then —=—-—.
. dx u dx

i R

i Find%if (i) y=In(x*+ 1) (i) y = In(sin x) (iii) y=InVx*-3 (iv) y=xInx.
- Solution:
() y=In@x2+1) (i) y=In(sin x)
0y L Syilades cos x
dr x2+1 dx sinx
2x cOos x
=— L= =cotx .
x“+1 sin x
iii)  y=InVx?-3 @v) y=xlnx
i 2 2_ 232 _1 2H d TN
y- In(x* - 3) : In(x? - 3) —y=x Z|+ InG()
(using In @” =n In a) diceislia
oy 10 1 i (using the product rule)
B dc 2 £#-3 =1+Inx
,, S
i "x2_3




| Exercise 12.8 =

d
Find ay for each of the following:

1. y=In5x 2. y=In(2x+3)
1
4. y=In(cos x) 5 y= ln(;)
7. y=In(sin 2x) 8. y =In(tan 3x)
10. y=x1Inx? 11. y=x*In(x + 1)

' d
Use the rules of logarithms, or otherwise, to find Exji for each of the following:

2x
13. y= 111(———) 14. y = In(2x + 3)?
x+1

16. y=InV1 +x* 17. y=InVsinx

19. If f(x) = In(e* cos x), show that f'(x) = 1 - tan x.

20. If y = In(sec x + tan x), show that %= Sec Xx.

21. Iff(x) = x? In x, evaluate @) f'Ce) (i) f'(1).

1

22. Given f(x)= ln(——-I~ cos x)’ show that f'(x) = -2 cosec x.
1-cosx

23. If f(x) = In(In x), evaluate f'(e).

24, If f(x) = ln(

ex

1+e*

) evaluate f'(0).

In x dy 1-Inx
25. If =y h th t—-— = .
¥ X show tha dx X
%y
Evaluate s atx=e.
26. Given f(x)=¢e"1In x, x>0, evaluate f"(1).

d
27. Giveny=In(t+ 1) and x = 1 +In ¢, express ay in terms of ¢.

28. If y=e’*! and x = ¢', find the value of ln(%).

1 dy 2t
29. If y=Intand x+1{t+—]|, sh t——=——r.
y an x+z(+t)sowmadx 71
e' 1+eéf dy
30. 1fx-1n(1+e,)andy-—ln( o ), teR,evaluatea;.

31. Given y = x In(x?), show that x(%) -2x=}.

&

3. y=In(x*+2

6. y=1In(e*+2

9. y=In(e®)
12. y=x?In4x

1s. y=1n(—)

18. y=In |—



glﬂ(xz +3)
In(e™ + 2)

In(e?)

£x%1ndx

1
32. Using In E=lna In b, or otherwise, show that if y = ln( +j§ ;
: dy . dy d%y
1-x)—==2 i) [——|-2 =i
@ ( x)dx (ii) ( )dx 2
d?y ([dy\* d
33. Factorise a* + a*. If y=1In(1 + &%), show that%+ a =_y.
dx dx dx

' 1+2x dy 1+4x2
; =lne” |[———, show that — .
34. Ify=Ine S th T T a2

d
Find the value of—y atx=-1.
dx

b
Mint: 0 2 =lna+Inb-Inc)
C

Logarithmic thfeient:atlon

.......................................................

Functions of the form 2%, x* or 3°"* are differentiated using ‘logarithmic differentiation’.

The method involves three steps:

1. Take natural logs of both sides and use the fact that In a* = x In a.
2. Differentiate both sides with respect to x, using implicit differentiation.

d
3. Multiply both sides by y to get ay on its own.

 Solution:

L (i) Let Y= (ii) Let y=x*

; Iny=In2* Iny=1Inx*
Iny=xIln2 Iny=xInx

1d 1 1

' }ExLI“Z ;%ﬂc( )+Inx(1)

Q —yln2 (using the product rule)

I dx ]dy_l i

_ ___321}112 ;a +Iinx

I dy

: —=y(1+1]

i =y(1+Inx)

’ =x"(1+lnx)

Example V—
Differentiate (i) 2* (i) x* with respect to x.




| Exercise 12.9 &

Use logarithmic differentiation

1. 3* 2. 5%
5' zsinx 6. 2!nx

If f(x) = x4*, evaluate (.

d
Ify=a*a>0, aeR,showthatd—z=a"1na.

dy x-Y Inx-1
If x” = ¢*, show that = me-_,
B ey SO dx xInx of (In x)*

to find the derivative of each of the following:
3. 3%

7. {sinx)?

4. 431

8. 252



| 4. 43x+1

8. 2%x?

ST

R R L R R R o e R £

Fye e e WO A SRR T

DIFFERENTIAL CALCULUS 3
APPLICATIONS OF DIFFERENTIATION

Finding the Equation of a Tangent to a Curve at a
Point on the Curve

---------------------------------------

d
:i% = the slope of a tangent to a curve at any point on the curve

To find the equation of a tangent to a curve at a given point, (*1, ), on the curve, do the following:

d
Step 1: Find &
dx

d
Step 2: Evaluate Hx)i [this gives m, the slope of the tangent]

x=x,

(If the equation of the curve is given implicitly, use —

dy )
d_x Xfxl
2o 4l

Step 3: Use m (from step 2) and the given point (x,, y,) in the equation: ( y=y)=mx-x,).

Note: Sometimes only the value of x is given. When this happens, substitute the value of x into the
original function to find y for step 3.

st AR A R S

(i) Find the equation of the tangent to the curve x2 + xy + y* = 3 at the point (1, 1).
(ii) Find the equation of the tangent to the curve defined by:
x=t-2costandy=2sin ¢ -2 cos 7 at the point where ¢ = 0.
Solution:
() x+xy+y=3 _ (implicit differentiation required)
dy dy
2x+x . +y(1) + 2y T 0 (use the product rule on xy)
d dy
xay+2yay=—2x—y At the point (1, 1) the slope = —1.
dy Equation of the tangent at the point (1, 1):
o e O-D=-1(-1)
gzw——Zx—y y-1l=-x+1
dx x+2y x+y-2=0
dy L@l a3 :
diejest s IOy B
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x=t-—2cost y=2sint-2cost
(parametric differentiation required)
x=t-2cost y=2sint-cost
dx d
S=1-2sinD %=2 cos ¢ — 2(=sin £)
=1+2sint =2cost+2sint
dy t=0
d_y=E=2_C°S_H'ﬂE x=t-—2cost y=2sint-2cost
dx QX_ 1+2sint = e 200 =30 =D
dt = =-2

_dl e 2 cos(0) + sin(0)

o0
drfiog ] nEZemd) Equation of the tangent at ¢ = 0:

_2()+2(0)
=% 2x-y+2=0
=2

d
Sometimes we are given the value of a_x)i and asked to find unknown coefficients.

o~ R T T R,

The slope of the tangent to the curve y = ax? + bx + 4 is 21 at the point (2, 14) on the curve.

Find the value of a and the y@luga_of b
Solutién: g
y=a+bx+4 Given: (2, 14) is on the curve
d Th o 3
dx 14=8a+2b+4
3a(2)* + b =21 (put in x = 2) 8a+2b=10 @
12a+b=21 @

Solving the simultaneous equations @ and @ givesa=2and b= -3.

Thus, the point (-2, -2) is on the curve at £ = 0.
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| Exercise 13.1 w

Find the equation of the tangent to the curve at the indicated point:
y=x>-2x?-4x+1at(-1,2)

1. y=3+2x-x%at(2,3)

. y=Qx+3)%at(-1,1)

3

5 x*+y?—10y=0at(4,2)
7. x=3t, y=6ratr=1
9

. y=2cosx+sinxat(0,2)

2.

4.
6.
8.

10.

_6x
y—4x

+2

at (1,3

Y -xy-6x*=0at(1,2)

y=Inxatx=1

y=tan'xatx=0

11. Find the equation of the tangent to the curve y = x + e at the point where x = 0.

12. Find the equation of the tangent to the curve x = e’ + ¢,

13. Find the equation of the tangent to the curve x =2 + In ¢,

14. Find the equation of the tangent to the curve x = (1 + 1)?,

y = e¥ — 2¢, at the point where ¢ = 0.

y =13, at the point (2, 1).

y =(1 =12, at the point where y = x.

15. Find the equations of the two tangents to the curve y? + 3xy + 4x? = 14 at the points where x = 1.

16. Find the equation of the tangent to the curve x =4 cos § + 3 sin 6 + 2,

T
at the point where 6 = 7

17. Find the coordinates of the points on the curve y

y=3cosf-4sinf-1,

X ;
e at which the tangents to the curve are
+X

parallel to the line x — y + 8 =0. Find the equations of the two tangents at these points.

18. The slope of the tangent to the curve y = x* — 1 at the point p is 32.

Find the coordinates of p.
Find the value of ¢ and the value of b.

Find the value of p and the value of g.

p+agx
21. Th ==,
e curve y Xt D)

Find the value of p and the value of g.

22. A curve is given by the equation x? + 4xy = 2y% - 8.

d
Find the coordinates of the points on the curve at which ExX =

I

- 20. The slope of the tangent to the curve y = px* + 1 at the point (1, q) is 6.

- 19. The slope of the tangent to the curve y = ax® + bx + 6 at the point (2, 4) is 3.

D, g€ R, x+ 0, x+ -2, has zero slope at the point (1, -2).
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Increasing and Decreasing
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d . .
£ , being the slope of a tangent to a curve at any point on the curve, can be used to det

...........................

where, a curve is increasing or decreasing.

Note: Graphs are read from left to right.

ermine if, and

Where a curve is increasing, the tangent (o the

Where a curve is decreasing, the tangent to the

curve will have a positive slope. Therefore, curve will have a negative slope. Therefore
.. . dy . = dy . .
where a curve 1S increasing, d—i will be positive. where a curve is decreasing, d-y will be negative
X
Y
d ] g <0
EXX >0 dx
s —

2x dy
Ify=T_—x, showmat£>0forallx¢1.

Solution:
Sica
e AT o L
Ay (1-2)(2) - (2x)(-1) ;
i (1__x)2' S
RN i N

34

(1-x)2>0forall x+1, 2>0  (topand bottgin,ﬁot,lj positive)

= a o > Oforall x+1

= %> 0f_orallx¢1.'

Lo —

Note: (any real number)? will always be a positive number unless the number is zero
- (1 - x)* must always be positive, unless x = 1, which gives 0% =0.

&

Fie . R TR



mine if, and

‘gent to the
. Therefore,

be negative.

rExercise 132 -

1. Letf(x) = x> - 2x - 8. Find the values of x for which f(x) is (i) decreasing

(ii) increasing.

d
2. Let f(x) = x* + 4x + 2. Show thatExX > 0 forall x € R.

2 d
3. Lety=i—+r1v.Sh0w thatgi—< Oforallx e R, x = 1.

d
4. Lety=10-3x+3x%-x% Showthatay.:{)fora.ux e R.

5. Let f(x) = x> - 3x% - 9x + 2. Find the values of x for which f(x) <0.

x2+3

6. Let = .
Gt x+1

Find the values of x for which f'(x) > 0.

7. Let f(x) = x - sin x. Show that f'(x) > 0 for 0 <x < -2’5 .

8. An artificial ski-slope is described by the function s =2 — 85 — 45 — 453, where s is the horizontal
distance and £ is the height of the slope. Show that the slope is all downhill.

9. Letf(x)=x1Inx,

8in x + cos x
10. f(x)=———
SiN X — COSX
X + s
11. Prove that the curve y = Eed 5
FX+s

x > 0. Find the values of x for which f'(x) > 0.

. Show that f(x) is decreasing for all x € R, tan x # 1.

X + ——, is increasing for all x, as long as ps — gr > 0.
r

Local Maximum Point, Local Minimum Point and

Point of Inflection

......................................

~ Local maximum point

To the left of p Atp To the right of p
dy dy dy
a >0 a =0 e <0

~ As the curve passes through the point p,

L
€
:
;'f
5
&
i
i3

& d -
a% changes from positive to negative,
e d
e '] is decreasing.
; dx

d
- Thus, the rate of change of é is negative,

2

E d
e, a); < 0 for a maximum point.

local
dy maximum point dy <0

For a local maximum point:

dy d?y
a=0 and o <0
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local
minimum point

As the curve passes through the point g,

d . w
E—i changes from negative to positive,

d
ie. —dl is increasing. Thus, the rate of
X
hange of dy is positive
C g ]
g A p

. d%y o :
e o7 > 0 for a minimum point.

Note: Local maximum points or local minimum points are also called ‘turning points’. They are
called ‘local maximum points’ or ‘local minimum points’ as the terms ‘maximum’ and ‘mini-
mum’ values apply only in the vicinity of (close t0) the turning points, and not to the values of

y in general.

Point of Inflection
This is a point at which the curvature of a curve changes. In other words, at a point of inflection, a

curve stops bending in one direction and starts bending the other way. At a point of inflection, the
tangent to the curve cuts the curve at that point.

dy
dx<0

dy
dx<0

The points r and s are points of inflection.
Note: The point s is called a ‘horizontal point of inflection’ or ‘saddle point’.

d
The slope of the tangent, a% does not change sign as a curve passes through a point of inflection.

For a point of inflection:

d2
?&}%’0 ey




dy
dx>0

s’. They are
v and ‘mini-
the values of

nflection, a
iflection, the

¥, _(}.}_'
rrhe 0

BCtion,

g.‘_‘-
[
@
i
3

d3 d2
Note: If EZ =0, it will be necessary to consider the sign of EI% on either side of the point of inflect-
X

d2
ion. Ez changes sign before and after a point of inflection.

d
Alternatively, d_i): does not change sign on either side of a point of inflection.

Summary of conditions for a function y = f(x):

1. Increasing % >0
2. Decreasing % <0
3. Maximum point % =0 and %xz—); <0
4. Minimum point % =0 and % >0
5. Point of inflection 3—3 =0 and %}; +0

d
Note: Points on a curve where d—y =0 are called ‘stationary points’. At a stationary point, the tangent
X

to the curve is horizontal. Local maximum turning points, local minimum turning points and
horizontal points of inflection (saddle points) are stationary points.

o R R

Find the coordinates of the local maximum point, the local minimum point and the point of inflec-
tion of the curve y = x> - 3x%+ 5.
Draw a rough graph of the curve y = x° = 3x? + 5.

Solution:
y=x>-3x%+5 For a maximum or a minimum:
d dy
£=3x2—6x T
dzy 3.x2-6x=0
az-=6x—6 x2_2x=0
x(x-2)=0
x=oriiy =12
d%y d?y
'a}i xﬂo=6(0)—6=—6<0 a—x—i x=2=6(2)—6=6>0

local maximum at x =0
x=0; y=(0)3-30)2+5=5

local maximum point is (0, 5)

local minimum at x =2
x=2; y=(2)3-32)%*+5=1

local mimimum point is (2, 1)




