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Consider the sequence given by u, =

n+2
The ¢ 3 7 11 1519 23 27 31
elerms are = 271" 14° 17° 20’ 23 26
79 399 3999
u20=‘6—2 “100=§E “1000=_3002

As n gets larger, the sequence approaches 5-
We say that the sequence has a limit of 7 and is convergent.

Mathematically this is written:

lim u,=lim it

n—ro0 n—ro0 3 2

o
3

Notes: Not all sequences have limits. A sequence which does not have a limit is said to be divergent.
‘lim’ is the abbreviation for limit.

The phrase ‘n tends to infinity’, written ‘n —c0’, means that n can be made as large as we please.

; .1
Let us consider the value of the expression — as n —> 0.
n

n 1 The table indicates that as
10 On 1 n—»0, % — 0.
100 0.01 This is written:
1000 0.001 )
1,000,000 0.000001 lim —=0
1,000,000,000 0.000000001
This limit can be extended: Hllglo % =0, for p >0, c a constant.

To evaluate the limit, lim f(x)) do the following:

x> (x

Divide the top and bottom by the dominant term and use the limit above.

The dominant term is the largest term as n — infinity.
In this section the dominant term is the highest power of n.




ivergent.
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Solution:
¢ n%+5 5 1 2
Ve i ey
. n2+5 ) 2
1 iy i im u,=1lim [—-
Gt 5 s b m(4 n+5)
5 2
1+“"“i 1 i
=l L =1; i £
o i e & i
n? | s
divide top and bottom by n?, the ) divide top and bottom by n, the
dominant term dominant term
(Is0 1 1 i
0SS T 0l e

Sometimes we have to deal with limits that involve square roots.
V2n2+3

> evaluate lim u,.

For example: If u , =
n—» oo

In these cases, we write the total expression under one square root and then take the square root out-
side the limit.

Mathematically speaking: lim \/u_n='\/1im u,
n—> n—w

Taking the square root outside makes no difference, as n—o0.

Vn2-3n+2

#,=———— Find lim u,.

A S e T o 2 N R o ST 5 e o T e 1o -

* 4n+1 n—w
Solution:
_Vn?-3n+2 Vn2-3p+2  Vn2-3n42 o mke3n 42
i 4n+1 V(dn +1)2 \/16n2+8n+1 16n%+8n+1
\f 2__3 2 \
lim u,=lim -2 "+ V@n+1D)2=4n+1)
n—» oo n-—»oo 4n +1
i n*-3n+2
gt e g
& ‘/ n*-3n+2 take ¥V outside; makes
n=0 16n2+8n+1 no difference as n— o




divide top and bottom by n

the dominant term

)

Exercise 7.7 w

In each of the following, find lim u,, if:

n—>w

Y 2n-1 4n+1
Lw=T1 " 3n-2 3 U=
4n%+2n 3n2_4n
4. u, 573 5. u, T on 6. u,=
n 157 1
.u,= 8. u,=—- .U, =
7. u, n+2 “n 5 n+l N iy
1 1 3 1 1
10. un—a—m 11. un—i—m—n-l_z 12. u,=
25n+2 n—1
13. u,= v 14, u,= 15. u,=
n-3 Yon +4
2
16, e 7. u =23 18. u,=
n?+2 n
19. (i) 1+3+5+7+---is an arithmetic series.
Find, in terms of n:  (a) u, (b) S,
(ii) Evaluate: lim V143+5+T 40 iku
n—ow 2”
n I n
Series of the Form Z and E
r= +2) r=|

------------------------------------------------------------------------------------------------------------

Infinite Series

Consider the infinite series u,+u,+u;+
This series can be written using the sigma notation:
o0

Zun=u1+u2+u3+- .-

n=1
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The sum to infinity of a series is denoted by lim S, or simply S .
h—ro0

Thus, we have the following:

o0
Zun=u1+u2+u3+- «-=lim §,
= n=»0

In this section we will show how to find a concise formula for S, the sum to n terms and, hence, eval-
uate lim S, the sum to infinity, of series of the forms

n—oo
n n 1
Z r(r+ ) and ; m, which are neither arithmetic nor geometric.

As with infinite geometric series:

if im S, exists, the series is said to be convergent;
n-—o

if lim §, does not exist, the series is said to be divergent.
n—rmw

Note: On this part of our course the series will be confined to those for which lim §, exists (i.e. the

sum of the series can be found). i
The sum of an infinite convergent series is found with the following steps:
1. Find a concise expression for §,. 2. Evaluate lim §,.
n—roo

Partial Fractions and Telescoping the Series
11
n+l n+2 (m+Dn+2)
11 1
| n+D(n+2) n+l n+2
is called resolving into partial fractions.

By algebraic addition,

The reverse process of showing that

Partial fractions enable us to find a concise expression for S, for a series of the form

£ 1 =1 . ,
; T or ;m, using the following steps:

1. Express the nth term in the form u,=v_-v, , (or similar).
2. List the terms vertically.
3. Add the terms (most will cancel).

This will leave us with a concise expression for S (as most of the terms will cancel).
The process which enables us to find §, of a series through cancellation is called telescoping a series
(the series ‘folds in’ on itself).

&




1 i B
k+2)(k+3) k+2  k+3

find the value of A and the value of B, A,BeR. ;
n 100

(i) (a) Find, in terms of n: > u,. (b) Evaluate: ) u,.
k=1 k=1

i) Ifu,= forall keR,

(iii) Evaluate: Zuk.
k=1

(iv) Find the value of n such that Dl %Zu .
k=1 k=1

Solution:
s 1 A B
O FTE= G2 *+3)
1= A(k+3)+B(k+2) [multiply both sides by (k +2)(k +3)]

What we do next is choose two values for k and substitute these into the equation.
The two most suitable values are ones that make the coefficient of B =0 and the coefficient

of A=0.
The values of k where (k+2) and (k +3) are zero are used as follows:

1=A(k+3)+B(k+2)

Let k=-2: Let k=-3:
1=A(-2+3)+B(-2+2) 1=A(-3+3)+B(-3+2)
1=A(1)+B(0) 1=A(0)+B(-1)
1=A 1=-B

-1=B
1 1 1

(k+2)(k+3) k+2  k+3
Note: There are two other methods for finding the value of A and the value of B.

1. Substitute any two values for k to obtain two equations in A and B.
Solve these simultaneous equations. (If the question says k € N, then you can use only

positive whole numbers.)
2. Remove the brackets and equate the coefficients of like terms to obtain two equations

in A and B. Solve these simultaneous equations.




icient

i

b

. - =2 5 1 = S 1 AT 1 o
(i) (@) ;”k";(k+2)(k+3) 'k=1( k+2  k+3 )HS"

What we do next is telescope the series by listing the terms vertically and cancelling

terms which are the same but of opposite signs. It is good practice to write down enough

terms to see the terms that cancel. It always happens that the same number of terms
remain at the top and the bottom.

(one term remaining) —» u, =

uz =
u3 =
un-—z =
unv]
u, ~=— (one term remaining)
N (adding)
100
(b) Z”k=smo
k=1
1 1
S"—T.’a__ n+3
Si06= L ! [put in n=100]
1007 3 10053 el
1 1 100




10. ) Explain why Va Va+1=Ya?+a.
iy Showthar JErLz_ L1
Viesk Yk Vi+1
Vit 1-Vk n
(iii) If u,= ———> express, in terms of n: > u,.
ke ; ¢
80 ]
(iv) Evaluate: (a) > u, ® D u,
k=1 k=1

1 n
11. Ifu, =In (%), express, in terms of n: Zur.
F=1]
(Hint: In % =1In a-In b, and telescope the series.)

53
Evaluate Zu,, correct to two significant figures.

r=1

k 1 1
12. Show that m = .(7;1_)'
fu,= _(k_+1—)!, express in terms of n: ’;u s

Series of Powers of Natural Numbers

.............................................................................

There are three series on our course involving series of powers of natural numbers.

1. D k=ktk+k+ - +k=nk

r=1

2% Zr=1+2+3+---+n=%(n+1)

r=1

3. zr2‘=12+22+32+----+n2=—2—.(:1+1)(_2n+_1)
r=-1

We use these to find an expression for S, if u,=an>+bn +c,
where a, b, ceR.

Notes: (i) Zl=(1+1+1+---+1)=n (since a 1 is required for each r=1, 2, 3,...n).
r=1  — ptimes —»

(ii) Each of these formulae can be proved using induction.
(1 and 2 are arithmetic series and can be proved using the sum to » terms,

Sn=%[2a+(n— 1)d].)
(iii) Zn:(u,+v,)=iu,+ivr and iku,:kzn:u,-
r=1 r=1 r=1 r=1 r=1
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ni+1
n+

(i) Write in the form an?+ bn + ¢, where a, b, c € R.

24 3
n+1
ii) H , evaluate .
(ii) Hence, evalua ,,Z’ln-’rl

Solution:
(i) Method 1 (using factors): (i) Method 2 (using long division):
n3+1 n*-n+1
n+l n+l [n3+0n2+0n+1
- )3+ (1)3 ( sum of two ) P )
n+l cubes on top w2y On
_(n+D@m*-n+1) L e
TR R _ e
=n’-n+1 n+1
0+0

3
Thge SRl g g
n+1

(ir2=—2—(n+ 1)(2n+1); ir=%(n+ 1); 211 =n)

=%(24+1)(48+1)—%(24+1)+24 (put in n=24)

= 4(25)(49) - 12(25) + 24
= 4,900 - 300 + 24
= 4,624




> @r-1)@r+4)=2.6+5.8+8.10+-- +(3n=-12n+4)
r=1 n

Find, in terms of n, an expression for Z(Sr— 1(2r + 4).

Tl
Seolution:
u =0Gr-D2r+4H=6r2+10r-4

r

> @Br-1)@2r+4)

=n(n+1)2n+1)+5n(n+1)—4n

=n[(n+1)2n+1)+5(n+1)-4] (factor out )
=n(2n?+3n+1+45n+5-4)

=n(2n*+8n+2)

=2n(n’+4n+1)

Some sequences are a combination of powers of natural numbers and a geometric sequence.

For example, u,=2n?+3n+5"
These sequences can be split and summed separately.

n 8
Find, in terms of n, > (2r—1+37). Hence, evaluate > (2n—1+3")

r=1 n=1

Solution:
u, is made up of a ‘sum of powers of natural numbers’ part, 27— 1, and a ‘geometric’ part, 3.
We sum these parts separately and combine the results.
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Sum of the powers of natural numbers part: Sum of the geometric part:
> @r=1) | i,
r=1 r=1
. - a(r"-1)

LN s ] =
22, -1
B _3m-1)
r=1 r=l 3—1
=2 —-(n+1)—n =.§(_3:.lz:-2
=p(n+1)-n
=n’+n-n
=n? -
Thus, Z(2r-1+3f)=n2+§£3-§ﬂ-
r=1
8 R
2(2%—1+3")=(8)2+£:—,’2—2 (put in n=28)
n=1
S Eid 3(6,5621—1)

=64 +9,840=9,904

Note: S’ (2r—1) is the arithmetic series 1+3+5+: -+ (@2r=1)

r=1
This part could have been summed using the formula S = —2—[26: +(n-1)d].

Exercise 7.9 ¥

S ————

Show that:
1 1+3+5+7+---+@2n=1)=n*
2. 1+45+9+134---+(@n-3)=2n%*-n
3. 2.2+4.5+6.8+---+2n(3n—1)=2n2(n+1)
4. 2.4+5.6+8.8+--'+(3n—1)(2n+2)=n(2n2+5n+1)
S, 3.7+5.13+7.19+---+(2n+1)(6n+1)=n(4n2+10n+7)
6. Evaluate: i) §(2n+3) (ii) in@n& 1)
n=1 n=1

227‘(33‘—- 1) =an*n +b). Find the value of a and the value of b.

r=1

9
Hence, or otherwise, evaluate ZZn(3n -1).

n=1

&




10.

11.

(i) Express (2r— 1)?in the form ar®+ br + ¢, where a, b, ce Z.

(ii) Show that 53(27'— 1)?= n(2nl- D@2n+1).

r=1

10
iii) Hence, evaluate 23(211 =1¥2,

n=1

Zi6n+5 .

(i) Express i_nTl_— in the form an + b, where a, be R.

100

2
(ii) Hence, evaluate Atk .

—  n+l

464
(i) Express E-—i—j— in the form an?+ bn+c, where a, b, ceR.
n

21 k} 4
(ii) Hence, evaluate Z f_:f_i_.
n

n=1

n 20
Show that > (3r2+7-2)=n(n?+2n-1). Hence, evaluate > (3n*+n-2).
r=1 : n=1

Evaluate each of the following:

12.

15.

16.

17.

6 12 10
> 2+37 13. > (5n+3+27 14. > 2"-n?+1)
n=1 n=1 n=1
(i) Express Z(r+ 1)(2r + 1) in the form %(an2+ bn +c), where a, b, ceN.

r=1

(ii) Hence, evaluate: 2.3+3.5+4.7+---+11 421

For a certain sequence, u,=an’+ bn +c, where a, b, ce Z.
If u,=4, u,=15 and u,=2u,, find the values of 4, b and c.
12

Hence, evaluate Z an’+bn+ec.

n=1

'r=1+2+3+:+n Show that > r=—(n+1).
r=1 r=1

Evaluate: 1+(1+2)+(1+2+3)+- -+ (1+2+3+---+20).
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IFFERENTIAL CALCULUS 2
DIFFERENTIATION BY RULE

Differentiation by Rule

................................................

Differentiation from first principles can become tedious and difficult. Fortunately, it is not always nec-
essary to use first principles. There are a few rules (which can be derived from first principles) which
enable us to write down the derivative of a function quite easily,

Rule 1: General Rule

If: 3
= xP th _— n-1
y=x en nx
dy
=ax" then ——=nax""!
y=ax n
In words:

Multiply by the power and reduce the power by 1.

iy T e R

ifferentiate with respect to x:

= (i) y=-3x* (i) y=>5x Giv) v =%
' : 2 - 6
y=6\x ) y=== i) y=— (viii) y=7




P
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e s ——
-

d 3
) y=6\f§=6x1/2 £=%X6X1/2_1=3x-1!2=m=:[:
X
2 dy 1
(vi) y=—r=2c" o e e P o L
Vx dx T
6 d 2
(vii) y= s 6x-13 Ey ik a2 e
d
(viii) y =7 =7x° 2L _0x7x071=0
[

Part (viii) leads to the rule:

L The derivative of a constant = 0.

Note: The line y =7 is a horizontal line. Its slope is 0.
Therefore its derivative (also its slope) equals 0.
In other words, the derivative of a constant always equals zero.

Sum or Difference
If the expression to be differentiated contains more than one term, just differentiate, separately, eac

term in the expression.

L < R T

Find f'(x) for each of the following:

; : 1
il 5

s
i) fo)=—p-=g+5

o

Solution: .

© fW-xt i f(%)=%-,%+5
for i oL
f'(x)=1-;2§ . ,




tely, each

.

d d {d d?
The derivative of d—z , thatis — (l), is denoted by azn and is called the

o
g 54

-

Evaluating Derivatives

..............................................

Often we have to evaluate a derivative for a particular value.

Example <
: ; ds
(i) Ifs=3t2+5¢-7, find the value ofa when ¢ = 2.
(ii) If f(x) = Vx + 3x, evaluate f'(4).
Solution:
@) §=3124+5t-17 (i) f)=Vx+3x
(o i flr) =x12 4 3x
S dita ) =3x172+3
d_: =6(2)+5 iplies
22 2\x
=12+5=17 i
i'4 =_.{.
PG G
1 1
=Z+3=33

ds . L . dA | L )
" is the derivative of s with respect to ¢. T is the derivative of A with respect to r.
r

Second Derivatives

........................................

dx \dx

‘second derivative of y with respect to x’.

e is pronounced ‘dee two y, dee x squared’.
dx? P

- The derivative of f'(x) is denoted by f"(x) and is called the

- ‘second derivative of f(x) with respect to x’.



i i

_Example '—
i Iffl)=x S find f"(x) and f"(2).
(i) Ifh=10+30"~ 4¢3, evaluate 71}5 when ¢ = 3.
Solution: !
B 1 i = B e
() f)=x+— (ii) d: 10 + 30¢% - 4t
{ : % e G0 1278
f f(x)"=x+3_c__1 dr
'V J fr(JC) =1 '—tz d2h
b f10 =2 e
1 2 d2h
i - - T 0-24(3)=-1
l‘ My 2
et (2)--_2—3—5_-—1

e < R

e e————

4y (d%y\ (dy\
=x%, sh = e el )
If y = x*, show that 3 (dxz) (d_x 0
Solution:
= ay (42| _(Of
s 3 {dx?) \dx
dx
d_22=12x? 4x*
2 R (12x%H - (4x3)*
= 16x°% ~16x°
-0
dy\> d%
Note: (Ex“) *Ix-z—

| Exercise 12.1 —

Differentiate each of the following with respect to x:

1. x3 2. 3x* . 4. 3x 5 -2x
1 2
6. 5 7. -3 8 9. 5 19, g

&




11

16

21

25

35.

28.

3.

3.

36.

37,

38.

39,

40.

. 6x13 12. 13. x 14.

1
| x
. = 5x 17. 1-x2 18. x*-Z 19. 2 - 20. —2+l

2 3+2+6 24 2 1+3
\x Tox x2 x5 T ox Ay x1B

2
) x“-x—2 22. 6Vx—

2

3 Find % for each of the following:
X

. y=4x>+ 6x? 26. y=x>-x* 27. y=6x>-12x2-8x+4
1 8
y=; 29. y=x2—; 30. y=‘\l;

1 1 18
‘}.?=E+'\/; 32. y=8‘\{_—;?: 33. y=9x1"3+ﬁ,§
If f(x) = 3x? = 4x - 7, evaluate (i) f'(2) (i) f"(-1).

If f(x)= —4\/;, evaluate f"(9).

dA
If A = 372 — 57, find the value Of_d? when r = 3.
2

d a
If s = 3¢ - 2¢2, find the value of (i) d—“: (i) d_tj when £=2.

av
If V=3h-h?- 343, findaz when h=1.

r

5

dA
If A = 7r?, find = when — = 1.

dv
If V=4nar?, find = when 2r - 5 =0.
i
. f(x)=3x>-4x. If f'(k) = 8, find the value of k,  kER.

. f)=x?+ 1.If f"(a) = 18, find the value of ¢, a€R.

d2y 3x dy
dx? dx
d? d

EJJ”:' _2x ay - 120,

. If y=3x%+ 2x, show that y —6x=0.

. K y=4x3-6x?, show that x?

o PUTIR ... d%y
qufthe values of x for whic (i) a= (ii) ﬁﬂ).

d2y dy 2

1
. Ify=;, show thaty@+(a) —10y3=0.

&
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If y=uv,
dy . duy du
then dx_uEx—-HJa

In words:

First by the derivative of the second + second by the derivative of the first.

Solution:
Let

=x2-3 T
Ify=(x X+ 2)(x ) mddx

Pt <_ [T .

dy

u=x2-3x+2 and letv=x%2-2

du dv
'a; =2x-3 and a =y
dy dv du
i u i +v = (product rule)

=(x2-—3x.+2)(2x)+(x2—2)(2xﬂ- 3)
=2x = Gxitdrt 2x° = 3w dr 6
=4x3-9x2+6

Rule 3: Quotient Rule

In words:

Suppose u and v are functions of x.

Bottom by the derivative of the top — Top by the derivative of the bottom

(Bottom)?




P~ R Rl

X2 dy
[y t= mhqed:
Je s s

Solution:

Let u =x? and let wv=x-2
du dv

et = d —=1
dr o o

- du - dv
g—xz = —d—%)—z—agf- (quotient rule)
_(x=2(20) - )
2 (x-2)>
2P Ay
d e
x> 4x

T (x-2)°

Note: It is usual practice to simplify the top but not the bottom.

Function of a function

When we write, for example, y = (x + 5)%, we say that y is a function of x.
If we let u = (x + 5), then y = u®, where u = (x + 5).

We say that y is a function u, and u is a function of x.

The new variable, u, is the link between the two expressions.

Rule 4: Chain Rule

Suppose u is a function of x.

If y=pl
dy du
then —=nu"!—.
7 dx M dx

The chain rule should be done in one step.




Py R R R,

d
Find d—i— for each of the following:

3
; LR . -
i y=x-3x (u) y S
3
(iti) y=Vax—3 (i) y=(x2+%)
Solution:
: e o 4
(i) d;*(x 3x) @i s
a=4(xz- 3x)3(2x - 3) y=3(2x+5)"!
dy 5
- (8x - 12)(x% - 3¥)° 1= 3@+ 57
-6
T (2x+5)2
3
i) Vs (iv) y.__(x2+l)
y=(x—3)'2 %
dy y=@r+xh)?
a%“‘”)‘l’““) Ay s s
. 5 : ’ a=3(x +x7 ) (2x-x77)
i e

Often we have to deal with a combination of the product, quotient or chain rules.

ot R T P,

dy g 1-x

Find — % s —¥2 (i S (i e 08

mddx]f (i) y w9 —x (ii) y ot

Solution:

@) y=xV9-x*
y= x(g A x2) 1/2
d
Exz =(x). 29 = x)7M2(-2x) + (9 - xD) (1) (product rule and chain rule)

_ (chain rule here)
o __x2(9 B3 x2)-1]‘2 o (9 e x?_) 1/2




1-x

X3 1+x
Jr= 12
+x

dy 1(1 —x)‘m[(l +0(D) =1 =x)(1)

(i)

dx 2\1+x (1+x)?
sl 1+x\2[-1-x-1+x
T (1+x)2
Ly emay)
210 (1+x)?

= |

TA-07”1+2)P

chain rule followed by
the quotient rule

)

| Exercise 12.2 w

d
In questions 1 to 6, use the product rule to find d—i :

1. y=(2x+3)x-4)
4. y=(x+3)(x*-6x+8)
d
In questions 7 to 12, use the quotient rule to find ay :

_2x—1
T x+3

8.y

1-x
Dp— 52

11. y=

14. y=(x*+2x)3

1
12, e
Y=2%-3

20. y=3x(x + 2)°
23, y=xV1+x?

5. It f(x) = /x—f-?,- , find the value of f'(1).

2. y=(x+5(x%-3x+2)
5. y=(5x%-3x)(x%-5x)

3. y=Bx-4)(x*-2x+3)
6. y=03x*-2x2+4(2x-1)

3x-1
9. y=
Y F_2
xt-x=-6
7}

2. y=
12: ¥ x“+x-6

15. y=(2x*+1)°

18, y=——
¥ 2x% - 4x

21. y=3x%*2x+3)?

x+1

X

26. If f(x)= }Z—i , find the value of £(5).

24, y=
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Differentiation of Trigonometric Functions

..................................................

......................................

The rules for differentiating also apply to trigonometric functions.

The following are in the tables on page 41, but they are shown only for x.

The chain rule is used throughout, assuming u is a function of x. G
Therefore, if you are using the tables, replace x with u and always multiply by e

Basic rule (page 41 tables) Chain rule
du
S S'x) f(w) fw) - —
dx
g . du
COS X -sin x coS U —sinu -+ —
dx
; . du
sin x CcoS X sin u cos U —
‘ dx
2 ,  du
tan x sec” x tan u SeCT U - —
dx
du
Sec x secxtanx sec u . secutanu - —
dx
i
Ccosec x —cosec x cot x COSec u —cosec ucotu - i
X
2 ,  du
cot x —cosec” x cot u —cosec” u o
F

Find the derivatives of the functions:
(i) cos3x (ii) tan® 5x
Solution:
(i) ¥ =C083X

dy w

e (=sin 3x)(3)

=-3sin 3x

(iif) y=xsinx
(use the product rule)

dy :
T (x)(cos x) + (sin x)(1)

=X COS X+ sSinx

(iii) x sinx

P~ R .

(iv) cosx

(ii) t=tan> 5x
y = (tan 5x)°

bl 3(tan 5x)%(sec? 5x)(5)
dx

[PTA: (power) (trig. function) (angle)]
=15 tan? 5x sec? 5x

(iv) y= Vcos x

¥ =(cos ) (chain rule)

d
E’fi = cos x)™(~sin ¥)

—sin x

2Vcos x

&




