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Exercise 2.7 w

1
2
3.
4. (i) Express in the form a +bi: (a) (1+i)? () (1+0)3

® % 2o,

10.

11

12.

13.

14.

15.

16.

17.

18.

. If 1 +2iis aroot of z3+2z2-3z+20 =0, find the other two roots.

. If-2 +3i is a root of 72— z2—T7z-65 =0, find the other two roots.

Show that z =2 is a root of the equation z>—8z%+ 46z — 68 =0 and find the other two roots.

(ii) Show that 1 +i is a root of z* - 572+ 8z—6=0 and find the other two roots.
Verify that 1 +3i is a root of the equation z* - 7z*+20z—50=0 and find the other roots.

Verify that -2 + 2i is a root of the equation z*+3z*+4z-8=0 and find the other roots.

. Verify that 2 —i is a root of the equation z*-11z+20=0 and find the other roots.

Verify that 2 + 3i is a root of the equation 2z° - 9z%+30z— 13 =0 and find the other roots.
Verify that i is a root of the equation z>—iz?~9z + 9i=0 and find the other roots.

(i) Express in the form a + bi: (a) (1- i)? ) (1-d3.
(ii) If 1—1i is a root of the equation z°~4z%+6z+k=0, keR, find the value of k and the other
roots.

If 1-2i is a root of the equation z3+ kz?+7z+k-2=0, keR, find the value of k and the other
roots.

One root of the equation z*+az>+bz-4=0, a,beR,is1+i.
Find the value of @ and the value of b.

One root of the equation z>+pz2+z+g=0, p,qeR,isd4-i
Find the value of p and the value of g.

If (z-2)(z2+az+b)=2°-4z2+67-4, a, bel,
find the value of a and the value of b.

Let p(z) =2 + (4 - 2i)z? + (5 - 8i)z - 10i, where i*=-1.
Determine the real numbers a and b if p(z) = (z - 2i)(z% + az +b).

(i) Factorise z2— 5z + 6 and, hence, solve the equation z>- 5z +6=0.
(ii) Show that z2—5z+6 is a factor of 23+ (4 + Dz + (1 = 5)z+6(1 +1).
(iii) Find the three roots of the equation z*+ (-4 + i)z + (1 - 5i)z + 6(1 + i) =0.

(i) Factorise z2—4 and, hence or otherwise, solve the equation z2—4=0.
(ii) Show that z2—4 is a factor of >+ (3 +i)z2—4z—-4(3 +1).
(iii) Find the three roots of the equation z°+ (3 +i)z?~4z—-4(3 +1)=0.

ki is a root of the equation 2z%-z%2+18z-9=0, keR.
Find the values of k and the three roots of the equation 2z>-z2+18z-9=0.




a Complex Number
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Polar Coordinates

Consider the complex number z = x + yi. The position of m

z on the Argand diagram can be given by Cartesian, or
rectangular coordinates, (x, y). An alternative way of
describing the position of z is to give its modulus, r and
its argument, 6.

(r, 6) are called the polar coordinates of the complex
number.

Polar Coordinates and the Polar Form of

Z=x+yi
(x, )

Re

The modulus =r=|z|=Yx?+y2

on the Argand diagram.

1. Modulus 2. Argument
The argument = 6 (usually in radians).
The modulus is the distance from the origin | The argument, 6, is the angle between the

to the point representing the complex number | positive real-axis and the line from the origin
to the point z=x + yi.

Note: Drawing a diagram can be a very good aid in calculating 6.

Polar Form

Having calculated r and 6, there is a simple connection
between the Cartesian coordinates (x, y) and the polar
coordinates (r, 6).

X 3
—=cos 6 Y _sing
r r
x=rcos 0 y=rsin 6

Now we can write z=x+yi in terms of r and 6.
=X+
z=(rcos 8)+(rsin 8)i
z=r(cos B+isin )

This is called the polar form of the complex number.

Im

The polar form of the complex number z = x + yi is:
z=r(cos B+isin ).

Note: Tt is conventional to write i before sin 6.
In other words, i sin @ is preferable to sin 6i.

Re




(i) —V3-i

5 ] At P VI
(i) -1+i ({ii) 5—+—2_l
Solution:

i -1+i=(-1,1)

rel=1 4] =VD)2r @)2=V1+1=12

ameL
-1 +i=\5(cos -3:;3+i sin %E)
M) Vst
re|-\V3-il=VV3)2+ 1)2=V3+ 1=V4=2
T

1
tana=— = o=—
V3 6

T Aar
B: _———
T+ 5

6

Express each of these complex numbers in the form r(cos 0+ sin 0), where i*=

-1:
(iv) -6i.
Im
N "9\
1 | Re
Im
6‘—'
Ldl
; Re
2.
Im
b
; 3
2
s |
Re

pa—




(V) —6i=0—6i=(0,-6)
r=10-6i|=Y02+(=6)2=Y0+36=Y36 =6

|

Im

P

Re

e 6(cos -3-2’2 +isin T")

1i

Sometimes we are given a number in polar form r(cos 6+ sin 0), and asked to write it in Cartesian
form, x + yi. Again, it is good practice to draw a diagram.

Example <
I e S 5
Express 4(cos — tisin —6-)1nthe form x + yi.
Solution:
5 T
—6—1s in the 2nd quadrant, so:
COS & = 0§ == 2
G R
Gpe e A
BEEEGTD 7
BYieh Y Vg 15 : :
i 4(cos—6—+:sm?)_4€~?+5:)-—2\/§+2z
Exercise 2.8 -

Express each of the following complex numbers in the form r(cos 6+ sin 0), where i2=-1:

1. 1+i 2. V3+i 3 =5 4. 3i
5. -2i 6. —-1-V3i 7. 1-i 8. 2-2i
0. 2z 10 34 1w L B .
2 2 12 V2
Express each of the following in the form a + bi:
T .. 7 T .. 7w 2r .. 2m
13. cos 5 +1isin 3 14. \E(cos 7 +1isin ?) 15. 6(cos T +1i sin —3—)
37 .. 3= Sz .. 5n 4n . . 4x
16. Zﬁ(cos e +I sin —4—) 17. IO(cos < +1isin ?) 18. 2(cos T +1isin T)



Express each of the following complex numbers in the form r(cos 0+i sin ), where i 2=-1:
2 2 1
19. (1+0)? 20, — 2. —— 2. —=
1-1 \/-3- ¥i (L= i)*
23. 7,=2(cos m+i sin ) and z2=5(cos % +1 8in -g—) where i2=-1.
Calculate z,2, in the form x + yi, where x, ¥ eR.
r .. = 3z Ax
24. zl=\f2_(cos i sin -Z) and z2—4(cos 5 +1sin 7) , where i?=-1.
Calculate z,2, in the form x + yi, where X, y € R.

25. z1=4(cos -%-1—1' sin -g—) and zz=2(cos 2;— +1 sin -2,;), where i2=-1.

Calculate Vz,2Z5-

n
26. 7,= (cos~2—+Lsm 2)anclz2 (COS€+ISH1 6)

Calculate Z1 i the form x +yi, where X, y € R.
)

27. (a+bi)2+ 5i)="7 +3i. Express d + bi in the form r COS 9+ isin 6.

There are three applications of De Moivre’s Theorem

1. Finding powers of complex numbers
2. Proving trigonometric identities
3. Finding roots of complex numbers.

..................................................................................

1. Write the number in polar form.
2. Apply De Moivre’s Theorem.
3. Simplify the resuit.

Note: After applying De Moivre’s Theorem the angle can be very large. However, we can keep sub-
tracting 27 until the angle is in the range 0<0<2m




Express (-1 +1)% in the form x+yi, x, yeR and i2=-1.

Solution:
L r=j-l+i|=VD)2+12=1+1=V2 _ i

tan —1—1 = a==
Cf.—T— = —4

s B ~a
LT \
: R i e : : Re
(=1+0)= \/E(cos = +1 sin T) (rectangular form to polar form)
10

kiR T e R [\[2-(005 % +1isin %)J (raise both sides to the power of 10)

=(V2)10 [cos- 10(?) +i sin 10(%)} (apply De Moivre’s Theorem)
3. =32(cos% +isin§%) ((\/5) e (2l 1"=25=32)

=32(cos 3—£r-+isin %) (%er=7%fr= 3n+6m=3n+ 3(2;:))
1 =32(0-i)=0-32i

-1+)1°=0-32i

Exercise 2.9 w

Use De Moivre’s Theorem to write each of the following in the form a + bi:

1 H+isin£6 2 cosﬂ+isinﬁs

. |cos 3 3 A 5 5

10 12
3 (cos%ﬂ'sin g) 4. (cosgﬂ'sin %)
T .. m\]|¢ T .. mw\]|®

5, [2(COS§+ISII] ?)] 6. [6(COSZ-+ISHI Z)]
7 osx-a-'sinﬂs 8 cos”+" z)’

. [e 3 i 5 ( G zsm6

9. Express V3 +1 in the form r(cos 8 +isin ), where i2=-1.
Hence, use De Moivre’s Theorem to express (\5 +i)? in the form a + bi.

Use De Moivre’s Theorem to write each of the following in the form x + yi:

10. (1+0)® 11. (<1 +i)* 12. (Y3-4)? 13. (-2-2i)5




14.

18.

19.

20.

V226 15. 2-2V3i)* 16. (ﬁ+li)9 17. (%——\/251')20

Show that: 2(1 —i)*= (1 +Y3i)3.

Evaluate: {cos 2r +isin i 4cos 4 +1 8in £\
3 3 3 3]

Express

! 131 in the form r(cos 8 +i sin 8), where i?=-1.
[

i\ 10
Hence, evaluate ( 1k 3_1 ) .
2+1i

21. z= L +2\/§l . Show that 3=z
22. (i) Express 3+1 in the form r(cos 8+i sin 8), where i2=-1.
| 1+V3i

2

sens

)

(ii) Hence, evaluate (

Proving Trigonometric Identities

.....................................................................

De Moivre’s Theorem can be used to prove trigonometric identities by expressing cos n6 and sin n6
as polynomials in cos 6 and sin 0, respectively.

Using De Moivre’s Theorem, prove that: cos 30=4 cos® §—3 cos 6.

Solution:

De Moivre’s Theorem: (cos 0+ sin 8)"=cos n@+i sin n6.
Therefore, by De Moivre’s Theorem:
cos 30+i sin 30=(cos B+isin 0)3 (put in 3 for n on both sides)

- cos 30+i sin 30=cos? @+i 3 cos? Osin 63 cos Hsin? B—isin? 6 G%=-1,i%=-i)
R if R 1 R 1
Equating the real parts:
- cos 36=cos® 0-3 cos Osin? 6
| cos 30=cos> 0-3 cos O (1 —cos? ) (sin? @=1-cos? 0)

cos 30=cos> @-3 cos @ +3 cos? 6
cos 30=4 cos? 6-3 cos O
.

= (g) cos3 0+ G) cos? (i sin 0) + (g)cos 0(i sin 0)%+ (2)(1‘ sin 8)3

=cos3 0+3 cos? 0(i sin 8) +3 cos O(i2sin? @) +i3sin> @




Exercise 2.10 < l

1. Using De Moivre’s Theorem, prove that:
(i) sin26=2sin Gcos @ (i) cos 20=cos? G—sin? 6.
Hence, express tan 2@in terms of tan 6.

2. Using De Moivre’s Theorem, prove that:
(i) sin 30=3 cos? Osin O—sin> O=3 sin O-4 sin> O
(ii) cos 30=cos?6-3 cos Osin? B=4 cos® -3 cos 6.
Hence, express tan 361in terms of tan 6.

3. Using De Moivre’s Theorem, prove that:
(i) cos40=8cos*B-8 cos?6+1
(ii) sin 46=4 cos® Osin 8-4 cos Osin? 6.
Hence, express tan 40in terms of tan 6.

4. Using De Moivre’s Theorem, prove that:
(i) sin 560=16 sin® 0-20 sin> 8+5 sin O
(ii) cos 50=16 cos’ 820 cos® O+ 5 cos 0.

3. Finding Roots of Complex Numbers

................................................................................

From trigonometry we know that:

cos B=cos(8+2x) =cos(f+47x)=cos(0+6n)=cos(B+2nn), nel.
sin @=sin(0+27) = cos(@+ 4rx) =cos(0+6r) =cos(f+2nr), nel.

In other words, when 2x, 4, 67, ... is added to, or subtracted from, an angle, the value of sine or cosine

is unchanged.
Thus, we can write:

r(cos 0+ sin 8) =r[cos(0+ 2nx) + i sin(0+ 2nn)], for ne Z.

When a complex number is written in the form r[cos(8 + 2nx) + i sin(@+ 2nx)], the complex number is
said to be written in general polar form.

Method for Finding Roots:

1. Write the number in polar form.
2. Write the number in general polar form.
. Apply De Moivre’s Theorem.

3
4, Letn=0,1,2, .. (as required).




|

Use De Moivre’s Theorem to find the three roots of the equation z*-8i=0.

Solution:
3_8i=0 s
z3=8i
73=0+8i (rectangular form)
1. Write 0+ 8i in polar form. ]
0+8i=(0, 8)
T
= 8 = —
r and @ 3
T b4 R
Polar form: 0+ 8i = 8(cos > +1sin —2~) | Re
. Write in general polar form.
8[(:05( 5 + Znn) +1i sm( + Zmr)] (add 2nr to the angle)

afan n+dnr s fr+4mr f—+2n & r+4dnm
e 7 Sae D

. Apply De Moivre’s Theorem.

e r+4nn ey T+4nn
2 2 2

173
= [S[COS( ﬂ+24 °z ) +1i sin( Bl )H (take the cube root of both sides)

k)
z=8 1fl‘Iic:o:«; %( a4 ) +1sin —1—( Bl )] (apply De Moivre’s Theorem)

2 3 2

Gl i r+dnt G z+4nnm
tE ( 6 6

. Let n=0, 1 and 2 to get the three different roots.

(Note: Letting n=3, 4, 5, ... merely regenerates the same roots.)

n=0: z=2(oos %Hsin %):2(—V2:+——1) \/_+z

n=1: z= 2(005 56 +1sm—§£)=2(-ﬁ+-;—i)=—\/§+i

6 2

: 9r. .. 9n ) 3z 3n
n=2: z=2 cos—6—-+1sm-?3—- = cosTHsm——- =2(0-i)=-2i

Notes: 1. The same method is used if the index is a rational number (fraction).

For example, (1 - \gi) 2

2. The number of different roots is the same as the bottom number in the fraction.
Thus, (1 ~43i)*2 will have two different roots.




i

Express il + izg— i in the form r(cos @+ i sin 6) where i*=-1.

2
V3,

3/2
Using De Moivre’s Theorem, find two values of (—% + = 1) 3

Solution:
1. Write (—-%+—231) in polar form. Im
pl js_,-_(_}_ fv;)
il - D), % 1
LBy \/(.1) (Y- \/_+_=ﬁ=1 ’
S ) 2) "\ 2 C A
{'3_ Ak Re
b et ;
o 3
T 2
s 9=E—-—'3-=—3—
—1 +V§i—1 cos EI-+isin-2£ —cos-2—E+isin L
D 3 DR ) 3
2. Write in general polar form.
; 2
cos(—zg- + 2mr) +1i sin(—gE + ch) (add 2nr to the angle)
S 2n+6nm i 2n+6nm Et-+2n 3 2n+6nmw
= 3 3 AR T

3. Apply De Moivre’s Theorem.

..1 A \/51. o 2r+6nr e 2n+6nr
D B 3 3

1 V3o [ (2n+6nm\ . . [2m+6nz\]¥2 raise both sides to the
ot il cos| ———— | +isin| === power of 3
1 Y3\%  3(2r+6nz\ .. 3(2z+6nn b
(—-2— + -5 1) =CO0S E(__3—) +isin 5 (~—-3——) (apply De Moivre’s Theorem)
32
(—-% + gz) =cos(z+3nx) +i sin(z+3nx)

4. Let n=0 and 1 to find the two roots.

(Note: Letting n=2, 3, 4, ... merely regenerates the same roots.)
n=0: cos m+isin w=-1+i(0)=-1

=il cosdr+isindn=cos 2r+isin2r=1+i(0)=1
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\ Exercise 211 - ‘

‘e

1. Express -1 in the form r(cos O+ sin ), where it=-1.
Use De Moivre’s Theorem to find the three roots of the equation z3=-1
1f the roots are 21, 22 and z,, show that Z, +2,+23=0-

2. Express —8i in the form r(cos 0+1 sin 6), where i2=-1.
Use De Moivre’s Theorem to find the three roots of the equation 22+8i=0.
If the roots are o, and 7, show that a+ g+y=0.

Use De Moivre’s Theorem to find all the solutions of cach of the following equations:
3, gheilli 4 2=2-23i 5. 23=-8
6. z2*=1 7. 3=-64i 8. z?=2Ti
9, Use De Moivre’s Theorem 10 find the six roots of the equation 78+ 64=0.

10. Write -8 - 8Y3i in the form r(cos 0+ isin ), where i2=-1.
Use De Moivre’s Theorem to find the four roots of the equation 74=-8- 8\3i.

11. Write -12— - \—/—E—i in the form r(cos 0+ isin 0), where i2=-1.

1 \6 32
Using De Moivre’s Theorem, find the two values of (-—2- - i) .

12. Write 2(-1 +\[§i) in the form r(cos O+i sin @), where it=-1.
Using De Moivre’s Theorem, find the two values of [2(-1 +‘\/§i)] ¥,

13. Write 4i in the form r(cos +1 sin ), where i2=-1.
Using De Moivre's Theorem, find the two values of (40)>2




AR oo SRR Wy 2 RIS S s o 1 ks o XEL G RS L e R S o g mchatel o Esily g
L x4 i T R g ot G Ao N G i) 2 SRS R S R PR G S e S S P = S B b

P
P B G

SEQUENCES AND SERIES

Sequence

------------- sesvaes

A sequence is a set of numbers, separated by commas, in which
each number after the first is formed by some definite rule.

Note: Each number in the set is called a term of the sequence.

1. 5,813, 1%, . ..
Each number after the first is obtained by adding 4 to the previous number.
In this example, 5 is called the first term, 9 the second term and so on.

2. 1.3,.9.27 ...
Each number after the first is obtained by multiplying the previous number by 3.
In this example, 1 is called the first term, 3 the second term and so on.

...................................

The terms of a sequence can be expressed as u, u,, Us, Uy, - . -
A sequence which follows a regular pattern can be described by a rule, or formula, called the general

term. We use the symbol u, to denote the general term. u, may be used to generate terms of the
sequence (sometimes T, is used instead of u,).

Consider the sequence whose general term is: u,=n?+3n.

To generate any term of the sequence, put in the appropriate value for n on both sides:

u,=n*+3n (general term)

u;=(1)2+3(1)=1+3=4 (first term, put in n=1 on both sides)
u,=4)?+3(4)=16+12=28 (fourth term, put in n =4 on both sides)
u,=(7?*+3(7)=49+21=70 (seventh term, put in n=7 on both sides)

The notation u,=n?+ 3n is very similar to function notation where # is the input and u , is the output,
i.e. (input, output) = (n, u ).

Note: n used with this meaning must always be a non-negative whole number.
It can never be negative or fractional. In other words, n € N.




ge general
ms of the

E'

'e output,

A sequence is given by u,=n?-3n, where ne N,
(i) Find u . (ii) For what value of ne N is u,=40?

Solution:
(i) wu,=n?-3n Given: u,=40
uo=(10)2-3(10) n?-3n=40
=100-30 n?-3n-40=0
=70 (n+5)(n-8)=0
n=-5 or n=8§
Thus, n=8, asneN,,.

If u,=(n-10)3" verify that: u, ,—6u,,,+9%,=0.

Solution:

The basic idea is to express u,,, and u,,,, in terms of n and 3", the lowest power of 3, and

substitute these into the given expression.
To find u,, ;, replace n with (n + 1); to find u,_,, replace n with (n+2).

u,=(n-10)3"
U =[(n+1)=1013"1=(n+1-10)3'.3"=(n-9)3 . 37=3(n-9)3"
Upp=[(n+2) = 101372 = (n+2-10)3%.3"=(n—8)9 . 37=9(n— §)3"

Upin = 6Mm+1 + 9un

\ \ \
=[9(n-8)3" - 6[3(n ~9)3"] + 9[(n - 10)3"]

=9(n—-8)3"-18(n-9)3"+9(n-10)3"

=3"9(n~-8)-18(n—9)+9(n - 10)] (factor out 37)

=3"[9n—-72-18n+ 162 +9n-90]
=3"[18n—-18n+ 162 - 162]
=3"0]

=0




fu,= . show that Uiy U
n+1l
Solution:
can iy (n+1) n+1
e B S e el na2
un+1>un
n+l n
>
n+2 n+l
multiply both sides by (n +2) and (n+1);
(n+1)(n+1)>nn+2) ((n+2) and (n + 1) are both positive as n eN,.

n2+2n+1>n%+2n
1>0 true (subtract n2 and 2n from both sides)

un+1>un

Notes: If u,,,>u,, for all n €N, then the sequence u,, is (monotonic) increasing.

Ifu,, <u, forall neN, then the sequence u, is (monotonic) decreasing.

Exercise 7.1 -

7
6.
A
8
9

If u,=3n+2, find u, and u,. Show that U~ U,=3.

(i) Hu,=n?>-3,findu,u,and u,,,.
(ii) Ifu,, —u,=an+b, a, beR, find the value of a and the value of b.

(iii) If u,=222, find the value ofn, neN.

(i) fu,=n?+5n findu,u,andu,,,.

(i) fu,,—u,=pn+q, p,qe<R, find the value of p and the value of g.
(iii) If u,=66, find the value of n, ne N.

(iv) Show that: u, . ,>u,.

u,=an?+bn, where a, be R. If u; =7 and u, =20:

(i) find the values of @ and b (if) find the value of n e N if u, =64,
Ifu,=2"+1,findu, u,and u,,, Show thatu,  ,>u,

If u,=(5n-2)3" show that u,, —3u,=5(3)""

If u,=(n+1)5" show that u, ,~ 10u,, +25u,=0.

. If un=% (9"—3"), show that u,, =3u,+2(9"
Ifu,= 22n-1,4 271 show that u"+1_2”n"22"=0.

®

e O L T TS T




R

T -
i i e G P U e

10. Ifu,=3+n (n—1)2 show that u,,, ~u,=3n?-n.
11. If u,=n*+4n, find u, and u,. Simplify: (u,,,—u,,,) - (U, —u,).
12. Ifu,=4(n+1)!, show that u,,, —nu,=2u,.

1

13. If i show that u,,, <u,, where ne N,
1

14. Ifu = P show that u,,,<u,, where ne N,

1
15. M u,= o7 show that u,,,,<u,, where ne N,

3
16. If u,= 2n+ T’ show that u,,,<u,, where ne N,

" 2n+
17. The nth term of a sequence is given by u,=a(2)"+bn+c, where a, b, ce R.
Ifu,=0,u,=10 and wu,=26, find:
(i) the value of @, b and ¢ (i) w,.

Series and Sigma (%) Notation

...............................................................

When the terms of a sequence are added together the sum of the terms is called a series.

For example, Seguence : 1,4 1000
Series : 1+4+7+10+- -

A finite series is one which ends after a finite number of terms.
An infinite series is one that continues indefinitely.
The sum of the first n terms of a series is denoted by S, where:

S,=u Uy ts+- - +u,

This is an example of a finite series, as there is a finite number of terms.
The finite series S, can be expressed more concisely using sigma (Z) notation.

n
S,=u+uy s+ -+un=Zu,
r="1

Notes: The letter r (called a dummy variable) does not appear when Zu, is written out.

r=1

n
Zur=u1+u2+u3+- e
r=1 n n
Any other letter could also have been used, for example Zui or

i=1 k=1

Up.




B} ,
zu, is read as:
r=1

‘the sum of u, from r=1to r=n’or ‘sigma u, fromr=1tor=n’.

/(last value of r in the series)
Su, Uy Uy g Uig T U

\ (general term) (- - - indicates more terms)

(first value of r in the series)

The values of r increase in steps of 1 from the first term to the last term.

Zu,=u3+u4+ UgHUgtUgtUg
r=3
i.e., start at the third term, u5, finish at the eighth term, ug, and add these terms.

The notation can also be used to describe an infinite series.

o0

Zu,=u1+u2+u3+- /I SR

r=] T

(- - - indicates that the series continues indefinitely)
In this notation, o indicates that there is no upper limit for r.

Note: S,=uy, S,=uy+U,y, Sy=u +u,+u; et

5 " et
Evaliate: <y J@ra Ty 1 ) > 12
r=0 AR B T - ¢
Solutmn hppaansn (1) "~;’- gRie Yo
Z(Zr +1)= [2(0) i [2(1) Ly 1] + [2(2) L 1]41203) + 1]+ [264) + 11+ [265) +1]
B .-(0+1)+(2+1)+(4+1)+(6+1)+(8+1)+(10+1)
_1+3+5+7+9+11
Z( 1)”12'-( 1)”1(2)‘+( 1)"”(2)2+( 1)3”(2)3+( 1)4“(2)“
S —(—1)2(2)+(-1)3(4)+(-1) ®8) +(-1)*(16)
=(H2)+ (-1 + 1)(8) +(-1)(16)
=2-4+8-16
=-10

@&



Notice that in the second example the series alternates between positive and negative terms.

(-D*=1  when kis even,
(-1)¥=—1 when k is odd.

Find v, when Given S,

S,=u +uy+u+- - 4u, +u,

Spoq=UFUuyFUg+ U,

S,=8,..= u, (subtracting)

n

IfS,=u,+u,+us+- - +u, then:
un=snnsn~1

This gives us a nice method to find the general term, u,, when given §, in terms of n.

S, =u +u, s+ tu,
If §,=2n?-3n, find an expression for u,,, and hence find u .
Solution:
§,=2n%-3n
S, 1=2(n-1)%-3(n-1) [replace n with (n—1)]
=2(n%-2n+1)-3(n-1)
=2n2-4n+2-3n+3
=2n*-Tn+5
uu=Sn_Sn-1
=(2n%-3n)-(2n%-Tn+5)
=2n*-3n-2n%*+Tn-5
u,=4n-5
Thus, u,,=4(10)-5=40-5=35.
Exercise 7.2 w
Evaluate each of the following:

: 6 5 6
B 1 > (r+1) 2. > (3r-2) 3 Y.
& r=1 r=0 r=1

5 4 6
4. Dnmn+1) 5, > (~1yr+id 6. > (-1)r2’
r=1 r=1 r=0

@
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7. Evaluate: (i) zs;(—l)'(r+ 1)(r+3) (ii) i (r'_l)l

8. Fora sequenc;,_ u,=2n+5.Find: (i) §, Eii) Sy

9. For a sequence, u,=3(2)" Find: (i) §, (i) S,
10. For a sequence, u,= ni T Find the value of §,.

In each of the following find u, given S, =u, +u,+us+---+u,
11. §,=n%+2n 12. §S,=n2-5n 13. S, =2n%+n

| 1
b 14. For the series S, =u; +uy+ - -+u,, S§,= n(n2+ )'

il Find: () S, G, (i) uy

15. For the series S, =u ;+u,+- - +u,, §,=2"
Find @) S, @, @ u, 0V

16. For the series §,=u,+uy+---+u,, S§,=2(2)"+n%
Find an expression for u, and, hence, evaluate u,.

Arithmetic Sequences and Series

--------------------------------------------------------------------

Consider the sequence of numbers 2, 5, 8, 11, . ..
Each term, after the first, can be found by adding 3 to the previous term.
This is an example of an arithmetic sequence.

A sequence in which each term, after the first, is found by
adding a constant number is called an arithmetic sequence.

The first term of an arithmetic sequence is denoted by a.
The constant number, which is added to each term, is called the common difference and is denoted by ¢

Consider the arithmetic sequence 3,5,7,9, 11, . ..
| a=3 and d=2
Each term after the first is found by adding 2 to the previous term.
Consider the arithmetic sequence 7, 2, -3, -8, . ..
a=7 and d=-5

Each term after the first is found by subtracting 5 from the previous term.
In an arithmetic sequence the common difference, d, between any two consecutive terms is always th

same.

Any term — previous term=u,— ,_, =constant=d.

@
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If three terms, u,, u,,,, u,.,, are in arithmetic sequence, then:

Uppo~ Uy 1T Uy — U

General Term of an Arithmetic Sequence
In an arithmetic sequence a is the first term and d is the common difference.
Thus, in an arithmetic sequence:

u,=a =a

u,=a+d =a+d

usy=(a+d)+d =a+2d

us=(@a+2d)+d=a+3d andsoon.

Notice that the coefficient of d is always one less than the term number.
Thus, the general term of an arithmetic sequence is given by:

u,=a+n-1)d

For example: ug=a+ 174, U o=a+9d.

Note: If u,=pn+q, where p and g are constants, then the sequence is arithmetic.

Arithmetic Series

If the sequence u,, u,, 15, . . ., u, is arithmetic, then the corresponding series,

S,=u +uy+us+---+u, is an arithmetic series.

The formula for S, of an arithmetic series can be written in terms of the first term, @, and the common
difference, d.

IfS,=u,+u,+uy+---+u,is an arithmetic series, then:

i —g—[2a+(n—l)d].

To derive this result:
S,= [a] + [a+d] + -+ [a+(n=2)d] + [a+(n-1)d]
S,=la+(n-1)d] + [a+(n-2)d] +---+ [a+d] + [a] (in reverse)
2S,=[2a+(n-1)d]+[2a+mn-1)d] +- - -+ [2a+ (n—1)d] +[2a + (n— 1)d] (add)
28,=n[2a+(n-1)d]

8= %[2a+(n—1)d]
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Once we find the first term, a, and the common difference, d, we can answer any question about an
arithmetic sequence or series.

Note: If §,=pn?+gn, where p and g are constants, then the series is arithmetic.

If k+2, 2k + 3, 5k — 2 are three consecutive terms in an arithmetic sequence, find the value of ,
keR.

Solution:

We use the fact that in an arithmetic sequence the difference between any two consecutive terms
is always the same.

Thus: Uppp—Up 1= U~ (common difference)
(5k- ’2)/(2k -:é) (2k¥+ 3- \(]?+ 2) (put in given values)
5k-2-2k-3=2k+3-k-2
3k-5=k+1
2k=6
k=3

Check: When k=3, the terms are 5, 9, 13, which are in arithmetic sequence.

In an arithmetic series, the sum of the first six terms is given by S =57 and the fifth term is
given by u;=14.
Find the first term, a, and the common difference, d.

Solution:

S,=52a+(n-1d] R
Given: Sg=57 Given: us=14
~g—(2a+5d)=57 & atéd=14 @
32a+5d)=57
2a+5d=19 @

We now solve the simultaneous equations @ and @ to find ¢ and 4.

2a+84=28 @x2 a+d4d=14 @
-2a-5d=-19 @®x-1 a+4(3)=14
3d=9 a+12=14
d=3 a=2

Thus, the first term is a =2 and the common difference is d = 3.

@
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Find the sum of the series 5+8 + 11 +- - - +65.

Solution:
We are given a=>5 and d=3. We need to find which term of the series is 65.
Given: u,=65
a+m-1)d=65 (we know a and d; find n)
5+(n-1)3)=65 (putina=5andd=3)
5+3n-3=65
3n+2=65
3n=63
n=21
Thus, there are 21 terms in the series. We need to find S,
S,= -;1[2a +(n-1)d]

Sa1= 225 + 0]
3 321(10 +60)

21
==—(70
570
=735

To verify that a sequence is arithmetic, we must show the following:

u,- u,_;=constant.

To show that a sequence is not arithmetic, it is necessary only to show that the difference between any
two consecutive terms is not the same. In practice, this usually involves showing that u;—u, #u,— i,
or similar.

(i) The nth term of a sequence is u,,=3n —2. Verify that the sequence is arithmetic.

i
(ii) The nth term of a sequence is u = n2=2n+5. Verify that the sequence is not arithmetic.

Solution:
@ . =3n-2 () u,=n*-2n+5
u, =3n-1H-2 U, ;=(n-1>2-2(n-1)+5
=3n-3-2 =n?-2n+1-2n+2+5
=3n-5 =n?-4n+8

&



