CHAPTE,?

BINOMIAL THEOREM

Factorials

Definition:

The product of all the positive whole numbers from n down to 1 is called ‘factorial #’ and is
denoted by n!

Thus, n'=n(n-1(n-2)...3.2.1

For example, 5!=5.4.3.2.1=120 8!'=8.7.6.5.4.3.2.1=40,320

By definition: 0! = 1.

Note:

8!=8.7'=8.7.6! (and so on) nl=n(n- 1) =nn- 1)(n - 2)! (and so on)
Also,

7.6!=71 (n+ Dnl=(n+ 1)

When simplifying factorials, it is good practice to start with the larger factorial and work down to the
smaller one.

Note: Later on we will show that the number of arrangements of all » different objects is given by n!
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(i) If m = k, find the value of k.
o7 A (n=2) 1
(ii) Solve: e 73
Solution;
13 a1l : (-2 1
Y e ® I
_4.3.2.1.n(n—l)! (n-2)! =_L
3 (n-1)13n nin-1)n-2)! 56
_ 24n(n-1)! W
" Bn(n-1)! nin-1) 56
n?~n-56=0
Ths, k=g (n-8)(n+7)=0
n=2§ or n=-7
n=-7 is rejected as n! is defined for
natural numbers only.
Thus, n=8.




| Exercise 16.1 =

Evaluate each of the following:

8! 20! (B2
! — = .
L 10 e 612! s 18! 2141
(n+5) )
5. If i 3) =n*+an+ b, find the value of a and the value of b.
n !
(n+1)! .
6. If (——l)f =n*+ pn+gq, find the value of p and the value of g.
n— 1!
7. If (n+ D! +n*(n - D! = (an + Dn!, find the value of a.
4!n!
; — =k, find th :
8. If i Dian ind the value of k&
! 1
9. If il D TP

3ln-Din(n-1)

Solve each of the following:

(n+1)!
10. 9(”-“4)!-:(71—3)! 11. m=
-2+ 1) 7 @n-1)1 3!
12 aln-1! 5 e 2nm)! 5!
Combinatorial Numbers
n n! .
1. (f‘) = m (definition)

: (in practice)
r r!

2 (n) _ailps Din=2) i in=r+ 1)

Both give the same result; however, the second is easier to use in practical questions.
For example:

(6) 6! 6! 720

- - =15
2] 216-2)1 2141 2x24

2 6 _6.5 — start at 6, go down two terms
2] 2.1 — start at 2, go down two terms
=15

_n B top!
" rl(n-r)!  bottom!(top — bottom)!

&

Memory Aid: (n)
r




E (51)?
D141

n\ . .
( ) 1s pronounced ‘n-c-r’ or ‘n-choose-r’,
I

Note: Later on we will show the number of ways of choosing r objects from n different objects is
n
given by( )
I

Other results:

n
Use result 2 if r is greater than 7

. o (12 12 ) (12
or example, o )=l12-9]" 3

ST SR i o
. (10 e [0 e (30
Calculate: (i) (3) (ii) ( O) (iii) (28)

Solution:

M (130)= 130"29_'18=120 ( 10 [nCr] 2 EJ)
(ii) (g)=1 ( 6 0 E)
(iii) (;’g)=(303_028)=(320)=32:39=435 ( 30 28 B)

The following occur quite frequently when we have to solve equations involving combinatorial

numbers.
n\ n\ nn-1) n\ nn-1)(n-2)
1)‘” 2)7 7201 (3 T 3.2.1

@
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Solution:
n+1 n\ [n+2
£ = ' P i N,
(i) (2 ) 2l,neN (ii) 4(2) (3 ),nE
el 4m)(n—1)  (n+2)(n+1)(n)
i N
n“+n=42 (n+2)n+1)
n*+n-42=0 2(”_1)2——5'_
(n+7Nn-6)=0 12n-12=n%+3n+2
n=-7 or n=6 n*—9+14=0
reject n=-7 as -7 ¢ N. n-T(r-2)=0
Thus,n=6 n=7 or n=2

LExercise 16.2 -

Evaluate each of the following:
5 7

o h
3 12 20 50 100

6. (5) 7. (5) 8. (17) 9. (49) 10, ( 98)

v a[-f) w [T

Solve each of the following, n € N

n n n+1 n+2 n+1
. =1 . = 5 = L = 1 =
12(2J5 13(2)10 14(2)15 15(2)6 16(2)4;
1. (M) Zs36 18. (M =5 19. (" Y 126 20, PN (7 2o
. 2 = i 3 =2Jn " 2 —2(.71 + ) 5 2 — 1 =M

Use the following in questions 21 to 24:

n nl 3 top!
| - bottom!(top — bottom)!

Prove each of the following:
- -1
2 Mg ® 22, (M4 * |=["*] p% 2 SR A L PP L D
r n-r r r-1 r r+1] r+11ir F r—l}

n+2 n+2 . n+2
25. Show that ( " ) = ( ) Hence, or otherwise, solve ( )=45.
n

2
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Binomial Theorem

An expression with two terms, e.g. a + b, is called a binomial.
The Binomial Theorem is used to write down the expansion of a binomial to any power, e.g. (a+b),
The expansion of (a + b)" is found as follows:

n_nnO nnwllnn—22 n ln—lnﬁn
(a+b) -(O)a b +(1)a b +(2)a b +---+(n_1)a b +(n)a b

- The expansion contains (n + 1) terms (one more than the power).

- The powers of a decrease by 1 in each successive term.

. The powers of b increase by 1 in each successive term.

- In each term the sum of the indices of @ and b is n.

- The power of b is always the same as the lower number in the combination bracket.
. If the binomial is a difference, (a - b), the signs will be alternately +, —, +, —, +, ...

Notes:

AN YL I "NV R

The Binomial Expansion of (1 + @)” is found as follows:

O

This form of the Binomial Theorem can be used to expand a binomial to any power when the first term
of the binomial is 1.

Pt R R T .

Write out all terms in the expansion of (a + b)°.

Solution:
The power is 5, thus there are 6 terms (always one more than the power).

Step 1: ab + ab + ab + ab + ab + ab
(write down 6 pairs of the variables)
Step2: 2B+  a*Bl+ 2B+ Q2B+ glbte %S
(put in powers, starting with the highest power of @; sum of powers = 5 in each term)

. 550541532523514505
Step 3: (O)ab+(1)ab+2ab+3ab+4ab+5ab

(put in combinatorial numbers)
Step 4: a° + 5a*b + 10a*b? + 10ab> + 5ab* + b°

In practice the first three steps can be combined in one step.

Note: (any real number)® =1, thus a®= 1, b° = 1, etc.

@
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Expand, using the Binomial Theorem, (1 + 2x)5. Hence, expand (1 - 2x)°.

Solution:
(1 +2x)° (the power is 5, thus there are 6 terms)

o) (oGl Gler-eo(ape

= (1) +(5)(2x) + (10)(4x™) + (10)(8x%) + (5)(16x™) + (1)(32x%)

=1+ 10x + 40x2 + 80x> + 80x* + 32x°
The only difference between the expansions of (1 + 2x)% and (1 - 2x)° is that in the expansion of
(1 - 2x)° the signs altemnate +, -, +, —, +, —.
Thus (1 - 2%)° = 1 — 10x + 40x? - 80x> + 80x* - 32x°

pipte R A

Expand, using the Binomial Theorem, (x - 3yt

Solution:
(x — 3y)* (the power is 4, thus there are 5 terms)

4 = 4 4 i
o oo oo

— (DEH) + BE(=3Y) + EO)D9?) + (A)(x)(=27y%) + (1) 1y"
=x* = 12x3y + 54x2y? - 108xy* + 81y*

IR 7 i v L

) 4
Expand, using the Binomial Theorem, (p + I;) ;
Show that one of the terms is independent of p.
Solution:

2 4
(p + E (the power is 4, thus there are 5 terms)

B VO 2 L W A i SAag 2V (4 o2\
- (Yo B (e B+ Gl G () - ()
2 1
WO + (4)(p3)(—) . (6)(p2)(iz) + (4)(p)(~8§) . (1)(1)(—?—)
4 P r p

32 16
=p4+8p2+24+?:+;5

The third term, 24, is independent of p (in other words, the term does not contain p or the power

of pis 0,i.e.p%
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LExercz'se 16.3 -

Use the Binomial Theorem to expand each of the following:

1. (a+b)* 2. (x+y)° 3. (p+g)° 4, (x-y)7
5. (1+2x0)* 6. (1-3x)* 7. (1-2x)¢ 8. (1-35x¢
9. 3+y)* 10. (2-x)° 11. (2 +3y)* 12. (2x - 3y)?
X 6 1 5 2 8 1 4

13. |[1+—= 14. (p+— 15, [x+= 16. (2a-—
) & [+ [=-3)

17. fx)=(1+x)*+(1-x)* Express f(x) as a series in ascending powers of x.

18. (a+2b)° +(a- 2b)° = pa’® + ga®b? + rab*. Find the values of p,gandr.

1\ 1)
19. (x+——) + (x—;) =pxt+q +L4. Find the values of p, g and r.
x x
‘Write down and simplify the first three terms in the expansion of each of the following:
a 10 3 9
20. (1+2a)"? 21. (1 ——) 22. (x2+—)
2 X

4
23. Write out the binomial expansion of (g + k) .
x

Show that one of the terms is independent of x.

Evaluating Expansions of Sums and Differences

We can be asked to evaluate expansions such as (1 + V5)* and write the answer in the form a + V5.

N R T

Expand (3 +V2)° by the Binomial Theorem, and write your answer in the form a + b\2.

Solution:
(3 +V2)° (the power is 5, thus there are 6 terms)

. ((5))(3)5(@0 . (f )(3)4(@1 . (Z)G)%E)Z . (;)(3)2(@3 + (j)“) Ry (3)(3)0(@5

=(1243)(1) + ()B1)(V2) + (10)27)(2) + (10)(9)(2V2) + (5)(3)(@) + (1)(1)(4V2)
=243 +405Y2 + 540 + 180V2 + 60 + 4\2
= 843 + 589V2

(@2r=2,  (2P=2v2, (24, (B -4¥0)

L

&
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| Exercise 164 =
Use the Binomial Theorem to evaluate each of the following, writing your answer in the form a+bVc:
1. (1+V2)* 2. (1-V3)° 3. (1+V5)° 4. @+V6)*
5. (1+3V2)* 6. (1-2V3)° 7. (2+V3)° 8. (V3-V2)°

9. (1+33)*+(1-V3)"=k. Use the Binomial Theorem to find the value of k.
10. 3+V2)°+(3- \2)% = k. Use the Binomial Theorem to find the value of k.

11. Use the Binomial Theorem to show that (1 + 28+ (1-x0%=2(1+ 152>+ 1584 %9,
Hence, evaluate (1 + V2)6 + (1 -2)5.

12. Use the Binomial Theorem to expand (a + b)>.
Hence, expand (1 +2x)° — (1 - 2o
Hence, write (1+2V3)° - (1 -2¥3)° in the form w3, keN.

13. Use the Binomial Expansion to expand (p + Q'+ (p-*
Hence, or otherwise, write (x + V24 )4+ (x-Vx?+1)%asa polynomial in x.
Hence, evaluate (4 + VI7)* + (4 —V17)".

Unknown Coefficients or an Unknown Index
In some questions we have to find unknown coefficients or an unknown index (power).

When the index (power) is unknown we make use of the following:

N

81 2.l 3] 3.2.1
Then equate the coefficients and solve the resultant equations.

T 7 e e i s

The first three terms in the binomial expansion of (1 +ax)" are 1+ 2% +3x%

Find the value of n and the value of a.

Solution:
The first three terms are:

(1 +ax)" = (’5) + (;’)(ax) + (Z)(ax)2
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=1
Bl

1+ nax + =1+2x+3x*

What we do next is equate the coefficients and solve the resultant equations.

na=2® =1y o5

a‘=—

2 2 3

d=i= n(n-1) (2)2_§

put this into @ Z nj 3

n(n—l)'4_§

DI A

2n-1) S

n 3

6(n-1)=>5n

6n—-6=>5n

n==6
22l
From@,a=;=-6—=§
Thus, n=6and a = }.

| Exercise 16.5 w

1. The first four terms in the expansion of (1 - x)" are 1 - 6x + ax® + bx>.
Find the value of n, the value of a and the value of b.

2. The first three terms in the expansion of (1 + ax)" are 1 + 20x + 150x2.
Find the value of n and the value of a.

3. The first three terms in the expansion of (1 + ax)™ are 1 + 28x + 336x2.
Find the value of n and the value of a.

4. The first three terms in the expansion of (1 + kx)™ are 1 — 18x + 135x°.
Find the value of n and the value of k.

5. The first four terms in the expansion of (1 + kx)" are 1 + 20x + 180x% + ax?.
Find the value of #, the value of & and the value of a.

6. The first three terms in the expansion of (1 + ax)” are 1 — 5x + %xz.
Find the value of n and the value of a.

7. The first three terms in the expansion of (1 + ax)" are 1 + 8x + 30x?.
Find the value of n and the value of a.

3x\"
8. The first four terms in the expansion of (1 - _:’Zm) are 1 — 24x + ax* + bx°.

Find the value of n, the value of a and the value of b.

@
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il | 9. The first three terms in the expansion of (1 + kx)" are 1 +2x + 2 x2.

BRIl Find the value of n and the value of £.

R

PR 10. The first four terms in the expansion of (1 + kx)8 are 1 + ax + 135x% + bx3.

e Find the values of k, the values of @ and the values of b.
I i 1
i ' | ke | 6
I : 1 i 11. The first three terms of the expansion of (a - g) , a>0, in ascending powers of x, ar
n T ;
i % f ! 1 64 + 16bx + 3bcx?,  a, b, c € R. Find the value of g, of b and of c.
E ‘If ! | ! 12. In the expansion of (1 +x)"* ! the coefficient of x* is 6k and in the expansion of (1+x)" "' the coef
= o ficient of x? is k. Find the value of 1, 1> 2.
IR

e
T Selecting a Particular Term

| 1 R T T R R TR R R PP
i i |‘1
| 5 i In many problems we require only a particular term. For example, the middle term, the fifth term or th
f 1 ! | ; term independent of x (no x term or the power of x is zero, 1.¢. x9).

In these cases we make use of the ‘general term’.

S General Term:

The general term in the binomial expansion of (a + b)" is:

n
U, = |a"e"
r+l (P)

(sum of powers=n-r+r=n)

Note: The number at the bottom of the combination bracket, r, is always one less than the terr
number, r + 1.

porte - R T T |

10
(i) Find, and simplify, the middle term in the binomial expansion of (ﬁx + %) ;

” L 858 3 ¢ 5 ik
(ii) Find, and simplify, the third term in the expansion of (Zx - —) ;
X

@




s of x, are

n-1the coef-

th term or the

Solution:

AL0
() (Gx & %)

10 7
General term: u,, , = ( - )(Gx)lﬂ—r ({ )

3

There are 11 terms in the expansion.
Thus, the middle term is u,
Ug=HUp =T =5

5
el
SfH0Y - N
L

yi
i (252)(7776x5)(§:1§)

= 8064x°y’

8
(i) (Zx - l)

X

General term: u, ., = (8)(2x)8-f(_ 1)
r

Uy=t,  =r=2

2
et
Bty TR
)
= (28)(64x6)(3§)
X
=1792x*

ot N T P
1 9

Find (i) the general term

General term:

9 -1y
e

- (2)(29-')@9-')@ -1y

= (_1)r(9)29—rx9—3r
r

(ii) the term independent of x, in the binomial expansion of (Zx - —q) .

(ii)

For the term independent of x,
the power of x =0

9-3r=0
r =13 (4th term)

Thus, the required term
S (_1)3 (9)29—3x9—9
N3

=(-DEH2HY
DE5576Y TS
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(i) Write down the genefal term in the binomial expansion of (2x + 5y%)".
(i) If k is a constant and kx>y*is a term in the binomial expansion of (2x + 5y2)”, find the value
of n and the value of k.
Solution:
@ Qr+59” (i) If kx>y*is a particular term, then
General’:erm: gl o Brstiog
Uppy = r)(Zx)""(Syz)” r=2 and n-2=3
r=2 and n=>5
ur ey n-rgr.2r 5
& r)z laiosy e )2352
2
= n)z”"S’x”“"yz’ = (10)(8)(25) = 2000
r
| Exercise 16.6 =
Find the:
1. 4th term of (1 + 2x)® 2. 5thterm of (a + 2b)°
3. 3rd term of (x — 2y)1? 4. 7th term of (1 +x?)®
il 8
5. 4th term of (2x - })* 6. 5th term of (x +;)
1 10 ¥ 10
7. 6th term of (x - F) 8. 4th term of (1 + 2)

9. Write down the first three terms in the expansion of (1 + 3x)”, and find their sum when x = 2.

5
10. When (1 - Z—J;) is expanded in ascending powers of x, find:

(i) the coefficient of x*, when y =1
(ii) the sum of the first three terms when x = 0.1, y = 0.02.

Find the middle term in each of the following:

11. (1+20)% 12. (a +2b)¢ 13. (p-29)% 14. (a-3b)®

2\ 1\8 2\8 18
15. (2-= 16. (p*+— . {xPe= 18. [x’-—

o I o B o [

Find the term independent of x in the binomial expansion of each of the following:

7\ 8 3 6
19. (x - —) 20. (x - 1) 21. (Zx B iz) 22. ( 2 l)

X % x %

@




he value

x=32

119 118 1)30 15
23. (x + —2) 24, ( - ?) 25. (Jc4 + —) 26. (x + —1-)
X X X x
27. Ifkis a constant and kxy®is a term in the expansion of (2x + 3y%)”, find the value of n and the value
of k.

28. If h is a constant and Ax*y? is a term in the expansion of (3x — 4y%)", find the value of n and the
value of f.

29. Write down the binomial expansion of (1 + 2x)" in ascending powers of x as far as the term con-
taining x°.
Given that the coefficient of x* is twice the coefficient of x2 and that both are positive, find the
value of n.

30. Write down the first three terms in the binomial expansion, in ascending powers of x, of (1 + ax)”,
where a = 0 and n € N.
Given that the coefficient of x in this expansion is twice the coefficient of x?,
a+1

(i) show thatn = %
(i) find the value of the coefficient of x> when a = 1.

Sums of Binomial Coefficients
The binomial expansion

(142" = (0)(1}(2} ( 1) . ()

can be used to find the sums of binomial coefficients by letting x = 1 or x = —1 on both sides.

Other binomial series can also be used.

NN 5 . 25 o e i S )

o v )]+ ()=
Hence pmvethat() (2) (4) (1)(3)(5)

o e[S 43

(iii) Evaluate the sum of the coefficients in the expansion of (x + 3)%.

RPN P 1 %o A AIC  4 Ag  T o
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Solution:
(i) Consider the expansion of (1 +x)".
B e AR re R L T
aenr= o) i
This is true for all x. Let x = 1 on both sides.

o (PG Gl(

a+1D"=

A

=

oG-+

= %( ") [by result above]

o ()
(iii) (x+ 3)8=(8)X ( )XT(S) ( )rx6(3)2 +(:)(3)8

Let x = 1 on both sides.
8.4 8 8 8 2 8 8_a8
(1+3)°= ( 0) + ( 1)(3) 2 (2)(3) +o ( 8)(3) =4

Thus, the sum of the coefficients is 4% = 65,536.

| Exercise 16.7

Use the binomial expansion (1 +x)" to verify:
g8\ (8 [8 8\ [8) g

(o)) bl
16+16+16++16+16:216
0 1 2 15] 16
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o) 3]+(5)<fi i
(S35 () ()14

11V /11 . 11 11 o 11 11 0
0/ \1/7l2/ |3 10/ |11/~
Evaluate the sum of the coefficients in the expansion of (e 257,

Evaluate the sum of the coefficients in the expansion of (x + y)!2,

Evaluate the sum of the coefficients in the expansion of (3x + 1)°.




