ALGEBRA
Simplifying Algebraic Expressions and Fractions

Special Factors

1. a*-b*>=(a-b)a+b) Difference of two squares
2. a®-b*=(a-b)a*+ab+b? Difference of two cubes
3. a’+bP=(a+b)a’-ab+ b Sum of two cubes

Special Expansions

1. (a+b)>=a?+2ab+b* 2. (@a=b)*=a*-2ab+b*
3. (@a+b)¥=a%+3a%b+3ab>+ b3 4. (a-b)’=a’-3a’b+3ab>-b?

These factors and expansions occur frequently and should be memorised.

Fropie ~ | R .

Factorise (i) 6a’b-9ab® (ii) 25x% - 16y* (iii) 8x®-27y° (iv) 1+ 1000p>

Solution:
_@)  6a%b-9ab* : (i)  25x2-16y?

= 3ab(2a - 3b) =(5x)% - (4y)*
(HCEF is 3ab) = (5x — 4y)(5x + 4y)

(iii)  8x%-27y° (iv)  1+1000p°
=(2%)° - (3y)? ) = (1)’ + (10p)*
= (2x = 3y)[(20)% + (20)(3y) + (31)7] = (1 + 10p)[(1)* + (1)(10p) + (10p)*]
= (2x — 3y)(4x* + 6xy + 9y?) =(1+10p)(1 + 10p + 100p?)

Multiplication and Division of Algebraic Fractions

Operations with algebraic fractions follow the same rules as in arithmetic. Before attempting to simplify
when multiplying or dividing algebraic fractions, factorise where possible and divide top and bottom by
common factors. The contents of a bracket should be considered as a single term.

Example

4x* - 10x il
9x2+6x 3x+2°

| Simplify




Solution:
4x2-10x 2x-5
0x2+6x  3r+2
4x*—10x 3x+2
: =9x2+6xx2x—5
i 2x(2x - 5)(3x + 2)
| " 3x(Bx+2)(2x—5)

[turn the fraction we divide by upside down and multiply]

[factorise the top and bottom]

[divide top and bottom by the common factors, x, (3x + 2) and (2x - 5)]

[SSTLS]

Addition and Subtraction of Algebraic Fractions

| To add or subtract algebraic fractions do the following:

1. Factorise denominators (if necessary).
}; 2. Find the L.C.M. of the denominators.
3. Express each fraction in terms of this L.C.M. and simplify.
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Express as one fraction in its lowest terms:

3 2, % 5x+ 19
S an G R BT O

Solution:
3 & 2 i 5x+19
x+5 x+3 x*+8x+15
i 3 e 2 + 5x+19
(x+5) (x+3) (x+35)(x+3)
2 3(x+3) - 2(x +5)+ (5x + 19)
T )
3x+9-2x-10+5x+19
3 (c+5)(x +3)
_ Ox+18 [factorise the top]
@+ 5)(x+3) ' ]
- 6(x + 3)
C(x+5H+3)
6

Txas . [di"_idé top and bottom by (x + 3)]

[factorise the denominators; their L.C.M. 1s (x + 5)(x + 3)]

[each fraction expressed in terms of this L.C.M.]

[remove brackets on top]

[factorise the top]




Express each of the following as one fraction in its lowest terms:

5x-6 3 2x 1 4 1
 — 28, —— - 29. -
27 X2+x-6 x+3 x2=1 x—=i 2 4-g% 2-a
5 3 1 a b 2 4 I
" - - 1. - 32, -
wh -3 2xF-3x ¥ 3 ab+b* a*+ab x xX>+2x x+2

Show that each of the following reduces to a constant and find that constant:

x=2 1 2x-3 1 5x-3 x-1
. — 34. —_—— 5. -
e e Gl 35 32 2-3
1 X 4x -7 1 x-2 3 x+4
 —t— 37. — 3 —
3 1—x+x—1 x—2+2—x 23 x2+2x+x2+3x x*+5x+6
Simplify each of the following:
a b 3
53 = SrYS
X+y
: 40. 41. 42.
=2 1+1 1 1 5 9 1
x ¥ b a ke x+1
x+1 x-1 '
x-1 x+1 1\2 1\2 1+a?\? 2a \?
 — 44. ] 45, -
x+1 x-1
sl +x+1

46. Letf(x)=x#_ s x+-1,2,
2
x*-1

if f(x) = g(x) = ax + b, find the value of g and b.

pig], d = .
and  g(x) =

47. Iff(x)=%,show that f(p) _f(q)=f(%)_

48. Simplify (x + a)* + (x — @)® and then factorise your simplified expression.

Changing the Subject of a Formula

........................................................................

When we rearrange a formula so that one of the variables is given in terms of the others we are said to
be ‘changing the subject of the formula’. The rules in changing the subject of a formula are the same
as when solving an equation, that is we can:

1. Add or subtract the same quantity to both sides.
(In practice this involves moving a term from one side to another and changing its sign.)
2. Multiply or divide both sides by the same quantity.
3. Square both sides, cube both sides, etc.
4. Take the square root of both sides, take the cube root of both sides, etc.

Note: Whatever letter comes after the word ‘express’ is to be on its own.
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(i) If-+—=—,expresscinterms of @ and b.
bitiae o
2 f 3p-2
(ii) # =q , express p in terms of g.
Solution:
y ] Fa
< b'a e
ac+bc=ab [multiply each term by abe to remove fractions]
cla+b)=ab [take out common factor ¢ on the left-hand side]
o= o [divide both sides by (a + b)]
a+b
. *(3p-2
) p+l
=0 1/3
(2‘0 ; 1) =q [replace‘%f_ with ( )¥3]
-P
—2\1/373
{( 22 ) ] =(g) [cube both sides]
2p+1
3P—2_ 3 1333 _ . 1/3x3 _ 1 _
ool [(x) =277 =X =]
3p-2=02p+ 1)g? [multiply both sides by (2p + 1)]
3p-2=2pq°+q° [remove brackets]
3p-2p3°=q*+2 [terms with p on the left-hand side]
p(3-29H=q+2 [take out common factor p on the left-hand side]
3
2
e p= f;—qa [divide both sides by (3 - 2¢%)]
e

| Exercise 1.2 w

1. If

2a

= ¢, express a in terms of b and c.

t .
2 pr—3=r, express g in terms of p, f and r.

&

4,

If

Ifr

ol Q

q’-pr

g+p

b
== +d, express ¢ in terms of a, b and d.

, express p in terms of g and r.




5. Ifx= T express ¢ in terms of x.

6. If V5x—2=y, express x in terms of y.

y+1 !
7. If = = x, express y in terms of x.
y...

1 1 1
8. If —+—=—, express fin terms of z and v.
u v

7
l .
9, Ift=k \/?g—,expresslmterms of t, kand g.

1
10. 12 - ———, express x? in terms of p.

2 x*=1
11. If px — b = a — qx, express x in terms of @, b, p and g.

1
If V2p = 4a and g = —8b2, show that 8x= ——

a-b’
12. 1+ 1 =y, express x in terms of y.
g [
13. If I =y, express x in terms of y, @ and 7.
=-r

q2_2r2
14. If p= W , express r in terms of p and q.

15. If p=q+g* -1, express g in terms of p.

Undetermined Coefficients

--------------------------------------------------------

When two expressions in x (or any other variable) are equal to one another for all values of x, we c:
equate the coefficients of the same powers of x in the two expressions. This is known as the ‘princip
of undetermined coefficients’. '

Method:

1. Remove all fractions and brackets.
2. Form equations by equating coefficients of like terms.
3. Solve the equations to find the coefficients.
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(i) Ifa(x+b)?+c=2x%+12x + 23, for all x, find the value of a, of » and of c.
(i) If (ax + b)(x* - px + 1) = ax’ + bx + ¢, for all x, show that ¢2 = ala-b).

Solution:

(i) Expand the left-hand side and equate coefficients.
alx+b)?+c=2x%+ 12x + 23
a(x® +2bx+ b)) +c=2x%+ 12x + 23
ax®+2abx + ab® + ¢ = 2x% + 12x + 23
(@)x? + (2ab)x + (ab* + ¢) = 2x% + 12x + 23
Equating coefficients of like terms:

a=2 @ 2ab=12 @ ab’*+c=23 ®
/ 2(3)2+ c=23
puta=2into @ 22)b=12 18 +¢c=23
4b=12 =5
b=3
puta=2and b=3 into @
a=2,b=3andc=5
(i) Expand the left-hand side and equate coefficients.
(ax+ D -px+D=ar’+bx+c
ax®—apx’ +ax+ kx* - kpx+k=ax® + ox2 + by + ¢ (put in 0x?)
ax® +(—ap + kK)x2 + (@ —kp)x + k=ax® + ox% + bx + ¢
Equating coefficients of like terms:
(Basic idea is to remove the constants not in the answer required)
—ap+k=0 @ a-kp=>b @ k=c¢ @
From @, k = c. Replace k with c in @ and @, as  is not in the answer required.
-ap+k=0 @ a-kp=b @
~ap+c=0 ® a-cp=b ®

What we do next is get p on its own from @ and put this in ®.
This removes p which is not in the answer.

-ap+c=0 @ a-cp=b ®
_.ap=—c \[
SR a-c[S)=b
C a
P-‘*E 3
d——=
a
al-ci=gp
—-c’=ab-a?
c’=a*-ab
ct=a(a-b)




| Exercise 1.3 w

1.
2.

10.
11.
12.

13.

sewe

If 3ax + Saby = 12x + 40y for all values of x and y, find the value of @ and b.

a(2x + 3) + b(x - 4) = 4x + 17 for all values of x. Write two equations in a and b.
Hence, or otherwise, find the value of a and the value of 5.

. 3(x%+2x) + 7 = p(x? + 2) + gx(x — 3) + r for all values of x.

Find the value of p, the value of g and the value of r.

. 2x(x+3) = a(x?+ 1) + b(x% — x) + ¢ for all values of x.

Find the value of a, the value of b and the value of ¢.

. (x+2)(x*+ px + q) = x>+ 5x2 + 2x — 8 for all values of x. Find the value of p and the value of g.

(x + @)(2x% + bx + 1) = 2x> + x® - 14x + 3 for all values of x. Find the value of a and the value of b.

plx+ D(x+2) + qlx + 1) + r=3x% + 5x + 7 for all values of x.
Find the value of p, the value of ¢ and the value of r.

If 2x% + 12x + 13 = p(x + @)% + r for all x, find the value of p, of g and of r.

If n> -4 =a(n-1)(n-2)+b(n-1)+c, for all values of , find the value of a, the value of b and
the value of c.

(2x + k)(px + g) = x(2px + 2qg — p) + r, for all x. Show that: (i) k=-1 (ii) g+r=0.
(4x + )(x? + 8) = 4x3 + px? + gx + 2, for all x. Show that pg = 8.

(ax + k)(x? - px + 1) = ax® + bx + ¢, for all x. Show that:
@) k=c (ii) c=ap (iii) b=a(1-p?.

Show that (a + b)? = a® + 3a2b + 3ab? + b3.
If x3 + px* + gx + r = (x + h)? for all x, show that: (i) p?=13g (i) ¢° =27r%

........

Properties of Surds:

1. Vab=\a\b 2 3. VaVa=a

@
iy

Simplification of Surds

saae

The key idea is to find the largest possible perfect square number greater than 1 that will divide evenly
into the number under the square root and use property 1.

The perfect squares greater than 1 are 4, 9, 16, 25, 36, 49, 64, 81, 100, ..., etc.

...........................................
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Write each of the following in the form of aVb, where b is prime:

(i) V32 (ii) V45 (iii) V75
Express in the form %, a,beN: (iv) \/g ) V2%

10
(vi) Express — in the form 2.
%

Solution:

@) V32=V16x2=V16V2=4V2
(i) V45="Y9x5=V9V5=3V5
(iii) V75=V25x3=v25V3=5V3

(vi) =—x— (multiply top and bottom by \/5)

Note: The process of removing a surd from the denominator of an expression is called ‘rationalising
! the denominator’.
Addition and Subtraction

Only like surds can be added or subtracted. Express each surd in its simplest form and add or subtract
like surds.

Vﬁ%}) Express V18 + V50 — V8 in the form a\b, where b is prime.
| (i) V20 - V5 + V45 = &\5; find the value of k.

| () V18+V50-48 (i) V20-V5+45
; C=3V245V2-2V2 =2V5-V5+3Y5
: D22 =5V5-45

' ~6\2 —45=1\5

L k=4

¥
g 1




Conjugate Surds

a + Vb is a compound surd. Its conjugate is a — Vb or —a +b.

\a — Vb is a compound surd. Its conjugate is Va +Vb or —Va -b.

They have the same components, with one of the signs changed.

The product of a surd and its conjugate is always a rational number.

Think of the difference of two squares: (a — b)(a + b) = a® - b, which is rational.

O - s s Yo ol

S
Show that 1+ =2-43

Solution:
a1 A aNE

= o (multiply top and bottom by 1 - 3, the conjugate surd of 1+ \@)
et il NEe B ik

= % (multiply top by the top and bottom by the bottom)
s tjﬁ (simplify top and bottom)
=2-13 (divide each part on top by —2)
Note: ‘l?Ve \%)uld have also multiplied the top and bottom by -1 + 3, also the conjugate surd of
+

| Exercise 1.4 -

' Express each of the following in the form a\b, where b is prime:

1. V12 2. V18 3. V20 4. \12 5. V48 6. V4:
7. 125 8. V63 9. V500 10. 1V80 11. 1108 12. 37
Express each of the following in the form % ., DP.gEN:

4 36 100 . 5 =

13. \g 4. o 15 4 16. \2i 17. V15 18.42
Express each of the following in the form aVb, where b is prime:

12 6 15 28 12 60

19. — 20. — 21, — 22, — 23. — 24, —

V3 2 5 V7 V18 V8
Express each of the following in the form ﬁ , where b is prime:

c

5 4 6 15 8 25

28. — 26, — 27. — 28. — 29, — 30. =

V2 V3 V8 5 V18 V4,




31. V50 - 200 + V98 = k2. Find the value of k2.

32. Express (2 —V3)%in the form a + Ve, where a, b, c €.Z.

33. Express (7 +V5)? = (7 - ¥5)2 in the form w5,  keN.
1 1

34, Express;l—g—z—@inthe form k5, keQ.

35. Show that:
() ﬁifﬁ—l D) #=2+\@
(iii) Ej=3+2\/§ (iv) g:;=3+\/§
) gig=5+2\@ (vi) i—"\éﬁz\g
(vii) ﬁJr@if 3 (vii) ﬁ!—_l_ﬁil:z

1 1
36. Express —— 3 as a single fraction.
a

1 1
Hence, or otherwise, express 2D in the form %\/E, whena=1-V2and b=1+V2.

37. Factorise x> - y*

1
Hence, or otherwise, evaluate Vx? - y?, when x = (\G + 44) and y = (\/c_z -

N i),a>0.
a

Ya

Simultaneous Linear Equations

................................................................

Simultaneous linear equations in two variables are solved with the following steps:

1. Write both equations in the form ax + by = k and label the equations @ and @.
2. Multiply one or both of the equations by a number in order to make the coefficients of x or y the
same, but of opposite sign.
3. Add to remove the variable with equal coefficients but of opposite sign.
4. Solve the resultant equation to find the value of the remaining unknown (x or y).
5. Substitute this value in equation @ or @ to find the value of the other unknown.

Solution Containing Fractions

If the solution contains fractions the substitution can be difficult.
In such cases the following method is useful:

1. Eliminate y and find x. 2. Eliminate x and find y.

N s




x+1 y+3 y=3"1

e St
Al e nEn
Solution:

Solve for x and y the simultaneous equations

Wiite each equation in the form ax + by = k and label the equations @ and @.

Tl ~ R i e S g,

Xl y+3 73 1
2 3 )
6(x2+ i 6(3!; 3) _6(4) 200)+ 2(y2- 3) _ o
(multiply each part by 6) (multiply ez;ch part by 2)
3x+1)-2(y+3)=24 &+ (y-3)=1
3x+3-2y—-6=24 2x+y-3=1
3Ix-2y=27 @ +y=4 @
Now solve between equations @ and @:
3x-2y=27 @ 2x+y=4 @
dx+2y= 8 @x2 2(5)+y=4
Tx=35 (add) 10+y=4
X =15 =-6
(put x = 5 into @ or @)

Thus, x=5 and y = -6.

Simultaneous linear equations in three variables are solved with the following steps:

. Write all three equations in the form ax + by + ¢z = k and label the equations @, @ and @,
. Select one pair of equations and eliminate one of the variables; call this equation @.

. Select another pair of equations and eliminate the same variable; call this equation ®,

. Solve the equations @ and ®.

. Put the answers from step 4 into @ or @ or @ to find the value of the third variable.

20 SRV S
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Solve for x, y and z:

x+2y+z= 3
Sx—-3y+2z=19
3x+2y-32=-5




Solution:

2x-4y-2z=—6 @ x-=2
5x-3y+2z=19 @
3x—Ty=13 @ (add)

-6x+14y=-26 @ x-2
6x+8y=4 ®
22y =-22
y=-1
(put y =-1 into @ or &)

x+2y+z=3 @
@) +2(-1)+z=3
2-2+z=3
zi=3

Thus, x=2,y=-1and z=3.

All three equations are in the form ax + by + cz = k. x+2y+z= 3 @
Label the equations @, @ and ®. 5x-3y+2z=19 @
Eliminate z from two different pairs of equations. 3x+2y-3z=-5 @

Now solve between equations @ and ® to find the values of x and y.

Now put x =2 and y = -1 into @ or @ or @ to find the value of z.

3x+6y+3z=9 @x3
3x+2y-3z=-5 @
6x+8y=4 ®

Ix-Ty=13 @
3x-7(-1)=13
3x+7=13
3x=6
A=)

(putinx=2and y=-1)

Note: Any of the variables x, y or z could have been eliminated at the beginning.

If one equation contains only two unknowns, then the other two equations should be used to obtain a
second equation in the same two unknowns, e.g. solve:

3x+2y-z=3 @ 5x-3y+2:=3 @ Sx+3z=14 @

Here, from equations @ and ®, y should be eliminated to obtain an equation in x and z, which should

then be taken with equation @.

| Exercise 1.5 w

Solve for x and y:

1 3x+2y=9
x-y=-2

2. 4x+3y=-23 3. 5x+4y=22
x+2y=-12 "3x+5y=21

5. 3x-2y=19 6. 2x+y=30y-x)+7
Pk LT
32 3 4




2x-5 y 8 3x y 9. 2x+3y=-2

3 5T 5 278 3+ Ty=—6
3x , 3y-5 2x_13 3y
10 " 2 3 4

Solve for x, y and z:

10. 3x+5y-z=-3 1. 2x+3y-z=-7 12, 3x-y+3z=1
2x+y—-3z=-9 Sx-2y-4z=3 x+2y-2z=-1
X+3y+2z=17 ' 3x+y+2z=-7 4x-y+5z=4

13 x+y-z=0 14, x+2y-z=-1 15, 2x+y-z=-3
x—-y+z=4 2x+y+3z=14 x+3y+2:z=1
x—y-z=-8 Ix-y-z=-14 3x-2y+z=10

16. 2x+y-z=-3 17. x+y+z=1 18, x+y=-1
x+3y+2z=1 2x-3y-2z=-9 y+3z=-11

3x-y=9 2x-3z=-16 3x+5z=-12

19. (i) Solve the simultaneous equations: (ii) Hence, or otherwise, solve:

3x+y+z=16 3¢+ (b-2)+(2c-1)=16
2x-y+3z=24 2a*~(b-2)+3(2c-1)=24
x-y~z=0 at-(b-2)-Q2c-1=0

20. If the curve y = ax® + bx + ¢ contains the points (0, 5), (1, 4) and (-1, 10) find the value of a, th

21.

value of b and the value of c.

f@=px?+gx+r. Iff(-2)=7, f(1)=-2 and f(2) = 3, find the value of p, the value of g and th
value of r.



